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Abstract

The microstructure of cement paste is extremely complex and heterogeneous, consists of randomly distributed phases with an arbitrary geometry,
formed during the hydration process. The key phase of cement paste — calcium silicate hydrate exhibits distinct viscoelastic behavior causing creep in
cement-based composites. These reasons make the problem of evaluating effective stiffness characteristics rather difficult, since stress-strain
relationships under viscoelastic behavior are usually described using the principle of aging-time superposition, represented in the form of the Stiltes
integral, which has not an analytical solution.

Existing approaches to solving this problem involve two principles: the Laplace-Carson transform and the effective medium theory. This makes
possible to find a solution for the evaluate effective stiffness characteristics under viscoelastic behavior, but only for a limited geometric shape of
inclusions in the form of an ellipsoid and its related shapes. However, such shapes are not fully matching the real geometric shape of most phases of
cement paste, especially for capillary porosity.

The paper presents one more approach to solving the problem of effective stiffness characteristics of cement paste based on a FEA
homogenization facilitates to evaluate effective stiffness properties for an arbitrary phase geometry, through introducing into the variational formulation
the numerical inversion of the Stieltjes integral describing its viscoelastic behaviour. In addition, this approach best implements the solidification
mechanism for the history of the aging stress-strain relation during the hydration process.
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NPUHLUUMN TOMOIrEHU3ALIUK XKECTKOCTHBIX XAPAKTEPUCTUK LEMEHTHOIO KAMHA MPU BA3KOYMPYIrOM
NOBEAEHUU

B. B. KpaBueHko

Pedpepar

MWKPOCTPYKTYPa LIEMEHTHOTO KaMHSi Ype3BblyaliHO CrOXHA M HEOAHOPOAHA, COCTOMT M3 XaOTUYHO pacnpedeneHHbiX a3 C MpoM3BOMbHON
reomeTpuen, 0bpasyembix B npoLecce rugpataumu. [pu aToM cnepyeT yuuTbiBaTh, YTO OCHOBHAS (pa3a LIEMEHTHOTO KaMHS — MMAPOCUNMKAT KanbLns —
MPOSIBNSIET SPKO BbIPAXEHHOE BA3KOYNpyroe nosefeHue, obycrnaBnveas BO3HUKHOBEHME MON3Y4eCT B LEMEHTHbIX KOMNO3UTax. JTW MPUYMHBI fenatoT
3a7au4y OLieHKM ero aEKTUBHBIX XECTKOCTHBIX XapaKTEPUCTVK AOCTATOYHO CIIOKHOM, MOCKOMBKY HaNpshkeHHO-AEOPMMPOBAHHOE COCTOSHIE B YCMOBUSX
BS3KOYMPYroro NoBeAeHUs MPUHSATO pacCMaTpuBaTh C MO3NLMA TEOPUM HENWHEIAHON HAaCMeaCTBEHHOCTY, MPeACTaBNseMoN B BiAe WHTerpana Ctuntbeca,
He VIMEIOLLIEro aHan1TUYECKOro peLLeHNs.

CyuiecTytolme noaxoapl K pelueHnio obosHaveHHo npobrembl coyeTaloT ABa nMpuHUMNa: npeobpasosaHue Jlannaca — KapcoHa u nonoxeHus
Teopun 3peKTUBHOI CPedbl, YTO MO3BONSET HAXOAUTL PeLleHre 3aaaqun 3dEKTUBHbIX CBOICTB KOMMO3UTOB MpW BA3KOyNpyrom noseaeHuy. OpHako
MOCKONbKY MOMy4YaeMble PeLleHns B pamKkax Takoro Moaxoda OCHOBaHbl HA MONMOXEHWSX Teopun 3EKTMBHOM Cpembl, STO MPUBOAWT K LOCTATOMHO
CYLLECTBEHHOMY OrpaHNYeHNIo, HaknagbiBaemMoMy Ha reoMeTpuyeckylo qopmy has koMnosuta, KOTopble MOryT ObiTb MPeLCTaBneHbl TONMbKO B BUAe
3NMUNCOMAA M ero Npou3BOaHbIX OpM, YTO He COBCEM COOTBETCTBYET peanbHON reometpuyeckon opme BonblUMHCTBA (ha3 LEMEHTHOrO KamHsi, B
0COBEHHOCTY KanunnsipHOM NOPUCTOCTY.

B cratbe npeacTaBneH elle oanH NOAXOA K peLleHmnio 3aadn ahdeKTUBHBIX KECTKOCTHBIX XapaKTepUCTUK LIEMEHTHOTO KaMHS MPW BSA3KOYNPYrom
MOBEAEHNM, OCHOBAHHBIA Ha MOMOXEHNAX FOMOTEHM3aLM METOAOM KOHEYHbIX 3fIEMEHTOB, MO3BOMAIOLLEN OLEeHWBaTb AdEKTUBHbIE KECTKOCTHbIE
XapaKTepuCTUKA KOMMO3WTOB C MPOM3BONMBHON reOMETpUYeckoil opMoit (a3, B BapuaLMOHHY0 (POPMYNMPOBKY KOTOPOTO BBOAWTCS YMCRIEHHOE
obpatenme nHTerpana CTunTbeca, OMMCHIBAIOLLETO BS3KOYMPYroe NOBEAEHWE LEMEHTHOrO kamHs. Kpome Toro, aToT nogxod Hammydwum obBpasom
peanuayeT NoNoXeHVs TEOpu conuandmkaLymmn npy hopMMPOBaHUIA NCTOPUN HANPSKEHHO-AE(hOPMMPOBAHHOTO COCTOSHIS B NEPUOA rvapaTaLum.

KntoueBble cnoBa: LeMeHTHbIN kaMeHb, FOMOTreHN3aLns, BA3KOYNpyrocTb, Teopus conuandukatm, MKD.

Introduction

Cement paste' is a crucial phase of cement-based composites which
in many respects determines their mechanical behavior at an early age. It
is a composite consisting of a solid phase (hydration products and unhy-
drated cement), a liquid phase (water), and a gas phase (air) with a com-
plex and heterogeneous structure formed during the hydration process.

One of the key features of cement paste is that the solid phase has
the distinctly viscoelastic behavior which originates in the calcium silicate
hydrates, and causes creep in cement-based composites [1].

1 Here the term «cement paste» refers to the hardened cement paste.

There are many prediction models for evaluating the effective stiff-
ness characteristics of cement paste based on the principles of multiscale
modeling, and dealing with the following techniques of homogenization:

1. Analytical homogenization, including two class of effective theo-
ries: effective medium theory and differential effective medium theory [2].

2. Numerical homogenization based, including two methods based
on: finite element analysis (FEA) [3] and the Fourier transform [4].

The obvious drawback of these models is that they consider cement
paste through linear elastic behaviour. At the same, there are only a few
models taking into consideration viscoelastic behavior of cement paste.
The models [5, 6] use the Laplace-Carson transform which converts non-
ageing linear viscoelastic behavior into linear elastic one, allowing to
directly apply the analytical homogenization schemes. Then, the numeri-
cal inversion of the Laplace—Carson transform is used for the aging vis-
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coelastic solution. The model [7] uses a principle based on Volterra inte-
gral operators, allowing to directly apply the Mori-Tanaka scheme for the
aging viscoelastic solution.

Despite the fact that these models allow for the possibility of linear
viscoelastic behavior, they still have restrictions imposed by the analytical
homogenization schemes related to the geometric shape of the inclu-
sions, assuming to be spherical in most cases. This considerable as-
sumption may decrease accuracy of predicting the effective stiffness
characteristics, since it is a well-known fact that the shape of most hydra-
tion products is not spherical. This is especially so for capillary porosity
with a complex morphology, including various geometric shapes with
irregular spatial distribution.

This paper presents approach based on the FEA homogenization,
which is not sensitive to a geometric shape of inclusions, through intro-
ducing into the variational formulation the numerical inversion of the fol-
lowing Stieltjes integral, expressing the principle of superposition [8]:

£(t) = J, J(t,t") da(t"), (1)

where £(t) - is the second-order microscopic strain tensor at time t
representing the age of a cement-based composite;

solidifying
layers of
cement paste

unhydrated cement water

———

J(t, t") - is the fourth-order compliance tensor representing the
strain at time ¢ caused by a stress that has been acting since time t’;

a(t") —is the second-order microscopic stress tensor at time ¢'.

The time-dependent compliance tensor contains a time-dependent
elastic part and a time-dependent viscous part [8]:

J(t,t") = CE) ™! + (8, L), 2
where C - is the fourth-order elasticity tensor;

J, —is the fourth-order viscoelastic compliance tensor.

The principle of superposition relates the stress and strain histories
states that the response to a sum of two stress (or strain) histories is the
sum of the responses to each of them taken separately [8]. For the mi-
crostructural development of cement paste caused by a hydration pro-
cess, the stress and strain histories can be expressed throw the solidifica-
tion theory that assumes that fictitious clusters of cement paste are grad-
ually added to the existing ones. Cement paste is considered as a set of
all formed clusters (see Figure 1). Since clusters are formed at different
ages, history variables for different clusters are treated as mutually inde-
pendent variables [9, 10].

The presented approach based on the FEA homogenization imple-
ments the principles of the solidification theory to express strain and
stress history.

hydration product air

shrinkage

Figure 1 — Schematic representation of solidifying clusters of cement paste, according to [10]

Basic assumptions and principles

1. The microstructure of cement paste is considered at two scales:

- Level 1: Unhydrated cement consists of the C3St, C,S, C34,
and C,AF minerals, and hydration products consists of the CSH, CH,
C¢AS3Hs,, CLASH,,, C3AH,, and FH; compounds.

- Level 2: Cement paste consists of homogenous unhydrated ce-
ment, a homogenous solid of hydration products, and porosity, including
a liquid phase (water) and a gas phase (air).

2. The hydration-induced evolution of the volume fractions of clinker,
hydrates, and pores is quantified based on the stoichiometry of hydration
reactions of clinker phases. The hydration reactions of Portland cement
were taken from the model of Tennis and Jennings [11].

3. Hydration of clinker phases is modeled through the kinetics model
of Parrot and Killoh [12].

4. The morphology of cement particles is modeled as spherical, and
the hydration products as prolate or oblate spheroidal that is isotropically
oriented in the representative element volume (REV).

" The cement chemist notation is used.

5. The effective elastic tensor of homogenous unhydrated cement
(Cy¢) and a homogenous solid of hydration products (Cp,,) are estimated
using the Self-Consistent scheme [2].

6. The REV of cement paste is a voxel-based grid considered no
more 50x50x50 um in size with a resolution of 1 pm3/voxel.

7. The voxel-based microstructural model [13] is used for the spatial
distribution the phases of cement paste over the REV during the hydra-
tion process.

8. Continuous hydration time is discretized into n time intervals
Ati =t;—ti_1, i=1,n.

9. A hexahedral mesh is generated based on the voxel-based REV,
and consists of the following finite elements:

— for strain field: a trilinear 8 nodes hexahedron with 3 degree-of-
freedom (DOF) per node;

— for stress field: a trilinear 8 nodes hexahedron with 1 DOF per
node.

10. The hexahedral mesh is divided into four subdomains related to
the phases of cement paste. Each finite element has the same elasticity
tensor within a subdomain.

11. Periodic boundary conditions are implemented to approximate
the REV as an infinite system with a structural periodicity.

Civil and Environmental Engineering
https://doi.org/10.36773/1818-1112-2024-135-3-38-42

39



Vestnik of Brest State Technical University. 2024. No. 3 (135)

12. Since, only the CSH phase has viscoelastic behavior, the modi-
fied model from [14] is used for the compliance tensor:
J(t,t") = Cpp ()™ + Jesu(t, t) =
- -1 1 =t
= Cpp) + Ecvu-w) In (1 +— ),
where C,, —is the contact creep module calculated by [14];

B - is the fourth-order tensor for transformation into three-dimension
stress-strain relationship, which depends on the elastic properties of the
CSH phase [8];

v —is the Poisson's ratio of the CSH phase;

T —is the characteristic viscous time, 1,66 s [14].

13. The numerical inversion of the integral (1) is used according to
the trapezoidal rule [8]:

g0 = s [0 ) + 3(tu-1)) + A0y] =2ho13(t0toy2)
Agjfori > 1, (4)
where g; - is the second-order stress tensor of i-th time interval;

t;, t; —is time related to the end of i-th and j-th time interval, respec-
tively;

tj_1/2 —is time related to the middle of j-th time interval,

Aag; - is the incremental of the second-order stress tensor of j-th
time interval;

«» —is the double dot product.

Then, the difference of the second-order stress tensor at i-th time in-
terval (Ag;) can be expressed by [8, 15]:

Ag; =J(ti timayz) * Aoy + 25'_:11 [(H(ti! ti_1/2) —

= J(tistya2)) : Agyfori > . (5)

Consequently, the stress tensor at i-th time interval is calculated by:
o; =0,_1+ Ao;. (6)

14. The relation between the macroscopic stress and strain tensors
is used is used to calculate the effective constitutive fourth-order tensor

Cepr [1]:

(o)y = Cesy (&), (7)
where (*), — is the average of a field f over the REV, (f), =
1, Fav.

(3)

Variational formulation

Following continuum micromechanics, the composite microstructure
can be considered as a REV composed of homogeneous phases, and
subjected to a macroscopic strain field (€) prescribed at its boundaries.
The local strain field of an arbitrary point in the REV £(x) can be split
into € and a periodic fluctuation strain é(ﬁ(x)), which accounts for the
presence of heterogeneities [16].

Then, using the principle of virtual work and introducing an additional
vectoral Lagrange multiplier as an additional unknown to make the aver-
age of & over the REV is vanish, the following variational formulation
gives [17]:

Table 1 — Parameters of cement paste

Find (i, A) € V such that:

fo(ﬁ(x)):z(ﬁ)dv+f A-ﬁdv+f 6-udv =
|4 14 14

=0v(®,0) eV,
where 2 - is the trial displacement function;
¥ —is the test displacement function;
A —is the vectoral Lagrange multiplier;
x — is the position of an arbitrary point in the REV;
V-is the REV;
«» —is the dot product.
And:

(5 + 8@y)) : Cyue VX €V,
» 0,1+ Ao, Vx EVp,
o) = { (2, + 8@)) : C, VX €V,
k(gi + E(ﬁi)) : Cyir VX € Ve
Ew) =5 (Vu+ (Vu)"), (10)
where C,,, Cg;- — is the fourth-order elasticity tensor of water and air,
respectively;

Vier Vips Vs Vair — are the subdomains of the REV referring to the
phases of unhydrated cement, hydration products, water, and air, respec-
tively.

The is the incremental of the stress tensor Ao; is expressed
from (5), where Ag; = Ag; + AE;.

: ©)

Solidification of cement paste

According to the solidification theory, increment of stiffness of cement
paste during a hydration process is given in relation to increment of a
cluster thickness, which is represented by increment of the volume of
hydration products (see Figure 1), and it is assumed that the properties of
clusters do not vary with time [9]. The total number of fictitious clusters is
equal to the number of time intervals.

The above principle can be easily applied to discrete REV, where a
separate cluster is considered as a set of hydration product voxels that
have been produced at i-th time interval. The use of the voxel-based
microstructural model, for instance [9], allows creating a history of the
formation of such clusters, as well as to keep the spatial position of the
cluster voxels in the REV.

This also means that the finite elements within a mesh subdomain be-
longing to each cluster can be identified and explicitly associated with the
stress-strain relation on the corresponding time interval unlike the classical
approach where the fictitious clusters are assumed to be a dimensionless
variable that is equal to the increment in degree of hydration.

Modelling results

The Portland cement paste with parameters reported in Table 1 was
used for the simulation.

The parameters of the constitutive phases of cement paste report in
Table 2. The elastic properties of the phases in Table 2 were taken ac-
cording to [19].

Mix proportions, kg/m? i i
prop g Water tot.cement Den3|t)l: o/f csement, Fmeness;/)li cement, Mineral composition of cement (mass %)
Portland Cement | Water rato g/m me/kg
CsS: 54,5; C2S: 17,3; C3A: 8,9;
370 185 0,5 3150 345 C4AF: 7,6; Gypsum: 5
Table 2 — Parameters of the constitutive phases of cement paste
Phase
Parameter CsS | €S | CA | CLAF | CSH | CH | CoASiHs, | CLASHy, | C3AHg | FH; | Gypsum
YoungsToduls, | 4374 | 1355 | 1452 | 1508 | 238 | 435 | 24 432 | 938 | 24 | 45
Poisson's ratio 0299 | 0297 | 0,278 | 0,318 0,24 0,294 0,321 0,292 0,32 0,25 0,33
Aspect ratio 1,0 1,0 1,0 1,0 0,01 0,1 100 10 1,0 1,0 1,0
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The stiffness characteristics of water: the bulk modulus is 2,2 GPa,
the Poisson's ratio is 0,499. The stiffness characteristics of air were taken
to be close to zero.

The REV resolution of 10 voxels/edge was used in simulation to re-
duce the computational cost.

Six elementary load cases consisting of macroscopic uniaxial strain
and shear solicitations were applied at each time step by assigning con-
stant unit values &;;: € = e;®e; - for uniaxial strain, and

— 1 .
£=:(e®e; + e;®e;) - for shear strain

(11)

where e; - is the unitary bases;
«®» —is the tensor product.
Two additional creep compliance functions (¢, t") were used for a
comparative analysis of the effective properties:
1) adapted ACI model [20]:

(t—t')0'6
10+ (¢—t")06’

n _— 1+¢(trt’). n .
](tl t ) - Ehp(t,) ’ (tl t ) - 2:35
where Ej, (t") —is the effective elastic modulus of hydration products.
2) adapted CEB MC90 model [14]:

, 1 tt’ ,
J6t) = g+ B (1) =

where Ej,,, - - is the effective elastic modulus of hydration products at
28 days, 33 GPa.

To evaluate the stiffness tensor considering the percolation of the
solid phase of cement paste, a power law in the following normalized
form was used:

oy = et (22)

1-aper

(12)

N 103

Enp2s’ 500+(t—t")

(14)

where (ngff - is the effective fourth-order stiffness tensor of cement
paste according to the FEA-based homogenization;

a —is the hydration degree of cement;

aper — is the hydration degree of cement corresponding to the per-
colation threshold of the solid phase;

y —is the exponent, 1.

The modeling results are presented in in Figures 2 and 3.

—e— FEA-based linear homogenization
—e— FEA-based non-linear homogenization

— 24
©
o
2,
0n
= 18
=)
o
o
£
v 124
o)
cC
3
9
O 61
2
-
|9
0]
b
uJ 0 T T T T T
012 4 8 12 28
Hydration time [days]
Figure 2 - Effective behavior of cement paste
Conclusions

1. Modelling the effective stiffness characteristics of cement paste
is a rather difficult task, due to the combination of the facts that its struc-
ture consists of randomly distributed phases with an arbitrary geometry,
and a solid phase has viscoelastic behaviour.

2. The article presents the approach to solving the problem of ef-
fective stiffness characteristics of cement paste given the above issues
based on a FEA homogenization makes it possible to evaluate its effec-
tive properties for arbitrary phase geometry, throw introducing into the
variational formulation the numerical inversion of the Stieltjes integral
describing the constitutive model of viscoelastic of the solid phase of
cement paste.

3. Animportant advantage of above approach is that the voxel REV
used to generate the mesh can also implement solidification theory prin-
ciples to express the strain and stress history associated not with fictitious
but with each identified cluster formed during the hydration process.

—e— \andame creep model
—e— ACI creep model
—e— CEB MC90 creep model

—
N

Effective Young's modulus [GPa]

0 B T T T
012 4 8 12 28

Hydration time [days]

Figure 3 - Effective behavior of cement paste based on non-linear FEA-
based homogenization using different creep models
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