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Abstract. This paper regards the mized problem for wave equation on the
plane. The authors of the article prove that the usage of necessary and suffi-
cient homogeneous compatibility conditions guarantees coming to the classical
solution in the half-strip. The article gives the classical solution to the one-
dimensional wave equation in analytical form if there are Dirichlet conditions
at the side edges and conditions of Cauchy type at the bottom of the plane.
The Classical solution means function which is defined in all points presented
in the closure of the defined domain. This function must have all classical
derivatives included in the equation and conditions of problem. In case of
heterogeneous compatibility conditions correct problem is formulated. In this
case the conjugation conditions are added to the problem. Then the classical
solution is piecewise smooth in the corresponding subdomains of the half-strip.
Also this paper obtains the classical solution of the problem using the method
of the characteristic parallelogram.

1 Introduction

Using the method of characteristics, the classical solution of problems for hyperbolic
equations can get in an analytical form. For example it obtained for the problems for
one-dimensional wave equation [3, 5-6], for the mixed problems for Klein-Gordon-
Fock eqaution [8], for mixed problems for bi-wave equation [9]. The advantage of
the method of characteristics is that the results are obtained for many problems
with different boundary and integral conditions.

Here, using the example of the first mixed problem for a one-dimensional wave
equation defined in a half-strip, it is shown that the solution or its derivatives have
a discontinuity on a certain set of characteristics inside the domain of definition of
the equation if there are no fully or partially compatibility conditions in the corner
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points for the given functions of the boundary conditions and the right part of the
equation.

The problem is also considered in the case of non-uniform matching conditions.
The formulation of the problem, especially in the case of non-uniform matching
conditions, can be considered with the use of the conjugation conditions of the
searched function and its derivatives.

Using the method of characteristic parallelogram, the solution of the problem
is written in the form of a formula using the specified functions and a particular
solution of the original equation.

2 Statement of the problem

In the closure Q = [0, 00) % [0, 1] of the domain @ = (0, 00) x (0, 1) of two independent
variables x = (x¢, z1) € Q C R? we analyze the wave equation

(05, — a’0,) u(x) = f(x), x=(z0,71) €QCR, (1)

where a?, [ are positive real numbers, 97 = 0?/0x¢®, 02, = 0%/0x,? are partial
derivatives of the second order. For equation (1) on the boundary 9@ of the domain

) we add the initial conditions

U(O,l‘l) = 90(‘771)7 aﬂ:ou(()?xl) = w(xl)v T € [07 l]? (2)

and boundary conditions
u(x07 O) = :u(l)(xo)a U(ZL‘Q, l) = M(Z)(xo)v To € [0’ OO) (3)

Here f : Q > x — f(x) is the given function in Q, ¢ : [0,1] > z; — ¢(71) € R,
Y1 [0,1] > 21 — (1) € R are functions on [0,1], u9) : [0,00) 3 2o — u)(20) € R
are the given functions in [0, 00), the smoothness of which will be clarified below,
j=1,2.

Functions f, ¢, ¥, p9, j = 1,2 satisfy the following non-uniform compatibility
conditions:

p(0) ~ u(0) =0, = (dp(0) ~ (0)) = 6,

_ (GZdQQD(O) — dzu(l)(0> + f(o)o)) _ 5(3),

(4)

HO0) = o) = o, = (@ (0) — v(D) = o),

L @u®(0) - 2P(l) — £(0,0)) = o),

a?

(5)

where dp) and d?u) — derivatives of functions ;) of the first and second orders,
j =1,2, d*p — derivative of the second order of the function .

If all numbers 0@ = §U) = 0, j = 1,2,3 in the compatibility conditions (4) —
(5), then the conditions (4) — (5) are the homogeneous compatibility conditions with
respect to the given functions of the problem (1) — (3). Note that for sufficiently
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smooth given functions of the equation (1) in the set @, conditions (2) in the interval
[0,1], conditions (3) in the half-line [0, 00) there is the unique classical solution to
this problem if and only if the coincidence conditions (4), (5) for these functions
are homogeneous. Otherwise, on certain characteristics in the domain () of solution
u of the problem (1) — (3) along with derivatives, they have discontinuities. These
discontinuities can be written in the form of pairing conditions, which will be done.
Thus, in the general case, the problem (1) — (3) can be replaced with a problem (1)
— (5) with conjugation conditions on characteristics, where the jumps of functions
and theirs derivatives are expressed in terms of given real numbers ¢) and o),
j =1,2,3. The solution of the problem (1) — (5) will be written out in the analytical
form through functions f, ¢, ¥, p and p® using the appropriate formulas.

3 Particular solutions of equation (1)

The general solution u € C* (Q) of the equation (1) is a sum of the general solution
9 € C%(Q) of the homogeneous equation

(02, —a’?2)u¥(x) =0, x€Q, (6)

and the particular solution v, € C2(Q) of the inhomogeneous equation (1). We now
construct the particular solution of the equation (1) without continuing the function
f in the variable x; outside the segment [0, [].

Here the construction will be carried out locally. To do this, we divide the

domain @ into subdomains Q"™ = (@ ﬂl) x (0,1), where m = 1,2, ... (see fig.

1). From the characteristics z; — azg = (1 — m)l and z; + axg = ml of the domain
Q™) we integrate the equation (1).
As a result, we obtain in Q™ the solution

v (x) = fO™ (21 — axg) + fF3™ (21 + azg)—

p
1 r1—axg T1+axo
z2—1Y z+y
w [ [ (R o
l—ml ml
1 € [Oal]a

where fU™) are from C? in all their domains of definition, x € Q. The particular
solution v, of the equation (1) is determined by the following formula

vp(x )—U(m)( ), x e Q™ me N. (8)

Theorem 1. Let the function f is from C1(Q), Q = [0,00) x [0,1]. Then
the function vp, defined by the formulas (7) and (8) with the certain choice of the
functions f9™ j =1,2, m € N, is from the space C* (Q ( ) 1s the solution of the
equation (1) and satzsﬁes the conditions

Up(0, 1) = Opyvp(0,21) = 0,

02,0p(0,21) = f(0,21),21 € [0,1]. (9)
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Figure 1: Dividing the domain  into subdomains Q™.

Proof. If f € C* (Q), f*™ € C*([-ml, 2l — ml]), f&™ € C? ([ml — I, ml +1]),
then according to the formula (7) v{™ € C? <Q(m)> for each m € N. We calculate

the derived functions v{™, namely:

Do vi™ (x) = —adf "™ (x) — axo) + adf *™ (21 + axo)+

0o P
1 r1+axg
z—T1+axry z+ 1 — axg
_ dz—
Ia / / ( 2a ’ 2 ) :
ml
xr1—azxo
_i 7 r1+axrg—y 1 +axg+y d
4a 2 2 4
I—ml

To “p

1
050" (x) = a*d* ) () — azo) + a*d” f2 (w1 + axo) + S f(%)+

r1+axg

1 zZ—T1+axy z+ 1 —axg
_ ) = dz—
+8a / o f (yO 2a ’ 2 :
ml
1 r1+azxo
Z— T+ axg 2+ T — axg
ml
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T1—axg

1 r1t+arg—y w1 +axg+y
B ) = dy—
8a / o f (yO 2a ’ 2 Y

l—ml
T1—axg
x1+axg—y r1+axg+y
I I5) _— =——“"\|d
S J( 5, U 5 )%
l—ml
3mlvz(,m) (x) = df ™) (21 — axg) + df ™ (21 + axy)—
1 T1+axg
Z2—T1+axg z-+x1 — axgy
R dz—
4a? / < 2a ’ 2 ) :
ml
xr1—axg
_L f Ty +arg—Yy T1+axrg+y d
1a? 2. 2 v
l—ml
2 . .(m) 1 2 ,.(m) 1
8:E1Up (X) = ?axovp (X) - @ (X)
The obtained ratios of derivatives are substituted into the equation (1). As a

result, we are convinced that the function v,(?m) is the solution of this equation for

x € Q™) and each number m € N.
According to the definition of the function v, by the formula (8), requiring to

fulfill the first two conditions from (9), for functions fUY (j = 1,2), substituting

v](ol) into these conditions, we obtain the system of equations

x1 T
1 2=y zZ+Yy
1,1 2,1 —
P 500w = gz [ [ (S5 5 s
0 l

— dfV (@) + df P (2y) = (10)
1 7 z2—x1 Z+x1 1 7 11—y 1ty
= — dz — — dy.
4a? / ( 2a¢ 7 2 ) T a2 / < 2a 7 2 Y
1 0

Solving the system (10), we obtain the values of the functions f@Y (j = 1,2),

1 £
f(l’l)(xl):é/df/f<z2_a§72—;€> dz,

0 l

1

1 n 1
1 - + 1 - +
@1y _ L n—y y+n :_/ / n-yytn
fo @) 4a2/dn/f< 2a 2 )dy 4a? dy f( 2a 2 >dn,
0 0 0

Y

for which
v (0, 21) = ByyuV(0,21) = 0. (11)
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From the equation (1) and the conditions (11) the correlation follows

82 'U(l) (0,1’1) = f(()?.fl) + a282 'U(l) (07 xl) = f(()?ml)

Zo P x1-p
Thus, for a certain function v, the ratio (8) with the appropriate choice of functions
fU) fulfills the requirements (9) of theorem 1.
Since f € C* (Q), the functions o™ m = 1,2, are from the space 2 <Q(m)).
On the line of contact {x|zy = [/a} between the two domains Q") and Q) we will

demand that the continuity of two functions be fulfilled vz()l) and UI(;Q), namely

e (173;1) ) (i,xl) ,
a a
l l (12)
8x0v182) (57$1) = axov;” <a,x1) , o1 € [0,1].
(2)

We will consider the conditions (12) as Cauchy conditions for the function vy, .
They can be achieved by selecting the functions f“? accordingly. Substituting
representations (7) into conditions (12), we obtain the system (10) for the functions
fU2 5 =1,2.

On the basis of the conditions (12) and the equation (1) we obtain the equality

0> v(2)(é,x1) =92 vV (é,m) , 21 €[0,1]. (13)

xo P o p

From the previous arguments and equalities (12), (13) we conclude that the function
vfom), defined by the relation

of?(x) = vl (x), x € QM m = 1,2,

is from the space C? (Q(l) U Q(2)>.

Moving along the proposed scheme due to the certain choice of functions f@™,
J=12:m =3,4,..., we prove that the function constructed v, according to the
formulas (7) and (8) is to the class C? (Q) and satisfies the equation (1), for all

X € Q.

4 The solution of the problem (1) - (3). Uniform
compatibility conditions

We begin the study and construction of the classical solution of the problem (1) —
(3) with the general solution u € C*(Q) of the equation (1). The general solution
from C?(Q) this equation can be represented as

u(x) = g(l)(azl — axg) + g (21 + axg) + vp(x), (14)
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where ¢V € C?((—o0,1]), g® € C*([0,00)), v, — private solution of the equation
(1) v, € C*(Q), a > 0 (for definiteness).

If f € C'(Q), then the particular solution according to theorem 1 is determined
by formulas (7) — (8). Here also v, € C2(Q), C*(Q) C C**(Q).

From the general representation (14) of the solution of the equation (1) we select
the one that satisfies the condition (2) and (3). To do this, we will assume that
p € C2([0,1]),¢ € C*([0,1]), p € C*([0,00)), 5 = 1,2.

From (14) and Cauchy conditions (2) we have a system

9(1)<$1) +9(2)($1) = p(x1), ¥ € 0,1],

15
- adg(l)(x1> + @dg(z)(xl) = P(1), 21 € [0,1]. 1)

Here conditions were taken (9).
As the functions gV, j = 1,2, in the system (15) are determined partially, and
not in all areas D(g)) of their definition, here we introduce the notation

99 (z) = g¥(z), z € [0,1).

Integrating the second equation from (9), and then solving the resulting algebraic
system, we find the values g% (x1), namely:

z

o(2) + (~1) / BE)dE +(~1)C, j=1,2,  (16)

0

g9(z) = gV9(2) =

for z € [0,1], C is an arbitrary constant from the set R, which appeared as the result
of integrating the second equation of the system (15).

For other values of the argument z the values of the functions ¢¥) are determined
in stages, using boundary conditions (3). Satisfying the solution (14) to the first
boundary condition from (3), we obtain the equation

9V (=) + 9% (=2) = V(= 2) v, (= 2.0). (17

Since the function g(® is already defined by the formula (16) for —z = az, € [0,1],
then

z

90() = g () = uW( = 2) = g0 (=2) = v, (= 2.0), z e [0 (18)

Similarly, by satisfying (14) the second boundary condition from (3), we obtain the

relation l l
@ — ,@(F 75 Wor o (F T
97(2) = p ( - ) g2l = z) vp( - J), (19)

and in particular

z—1

9D (2) = ¢®V(2) = ,ﬂ)( ) — g9 — ) — vp<27_l, z), 2e 2. (20)

a
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Continuing this process further, for the k-th iteration through the previous values
of the functions will be obtained using the relations

z _ z
90(2) = g9 (z) = " (=) =g D (=2) =, (~2,0), 2 € [k, ~(k=1)1], (21)
() — @0y — @ (TN ey oy, (2
99(2) =g (2) = - g (20 = 2) —vp(——1), z € [M, (k + 1)1},
(22)
k= 1,2,3,.... From the formulas (21) — (22) it is clear that the values of the

functions g9, j = 1,2, are defined piecewise on the corresponding segments through
the values of the given functions f,¢,%, % (j = 1,2). Therefore, if we require
sufficient smoothness of these functions, then the functions ¢ will also be smooth
on the corresponding segments (see (21), (22)), for example, from the class C?, j =
1,2; k = 1,2,3.... Consequently, the solution (14) of the problem (1) — (3) will
be piecewise smooth in . We need the function (14) to be from the class C%(Q)
on the whole set Q. According to theorem 1, v, € C*(Q), if f € CY(Q). We
require that the functions (16), (21), (22) and their derivatives of the first and
second orders coincide at common points of contact. Calculating the derivatives of
functions gV (j = 1,2; k = 1,2,3...), represented by formulas (21) and (22), we
get their expressions

d 1 10 z
(LK) () — ——d (1)( > d o2k -9 ( __Z 0)
az? (2) a a +dg (=2) + a 0z UpTo a )’
d? 2 1 02 z 23
k) o2 _F\ g2 (21, Z (23)
dzzg (2) = 2d H ( a) &g (=2) - a26x Up<x0 a’0>’

€[—kl,—(k—1)], k=1,2,...,

d 1 z—1
= (2,k) —— (2
9" (2) " dpu (

- > + dgMF (2] — 2)—

z—1 _ 24
LR = = @ u(2)(7) _ gD (2 — 2)— (24)

2 € [k, (k:+1)l] k=1,2,....

So that the function g™, defined by the functions g'*), (k = 1 2 ..), is from
C?*((—o00,1]), and the function g®, composed of g®® (k= 0,1,2,...), is from
C?*(]0,00)), if the equalities are valid

g(l,kJrl)(_kl) — g(l’k)(—kl>, dg(l,k+1)(_kl> — dg(l’k)(—kl),

Qg (k) = g (), k= 0,123,

g(QVk)(kl) _ g(2,k—1)<kl), dg(l,k)(k,l) — dg(l,k—l)(kl)7
d29(1,k)(k,l) _ ng(”“‘l)(k:l), k=1,2,3,....
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In the ratios (16), (21), (22) we assume that f € C*(Q), ¢ € C*([0,1]), v € C*([0,1]),
p9 € C*([0,00)), (j =1,2).

If we analyze the relationship (16) — (26), we can conclude the following.

Lemma 1. Let f € CY(Q), ¢ € C*([0,1]), ¢ € C*([0,1]), u9) € C%([0,0)), (j =
1,2). Equalities (25) and (26) are fulfilled if and only if equalities (25) are fulfilled
only for k = 0, and (26) are fulfilled for k = 1. In addition, equality (25) for
k =0, and equality (26) for k = 1 are valid if and only if homogeneous compatibility
conditions are fulfilled (4), (5), i.e.

(0) = 1(0) = 0, duV(0) — ©(0) =0, (27)
a® & p(0) — d? u(0) + £(0,0) =0,

p2(0) = p(1) = 0, dp®(0) — (1) = 0, (28)
A% (0) — a?d%(1) — f(0,1) = 0.

Proof. From relations (16), (18) — (22) using mathematical induction method,
it can be concluded that all equalities (25), (26) are satisfied if and only if some of
them are valid for one number k, only for example, as stated in the lemma, the first
for k = 0, and the second ones for k = 1.

And now we will check under what conditions the values of the functions and
their derivative relations (16) — (24) for kK = 0. We write equality (25) for £k = 0
through the specified problem functions (1) — (3):

g (0) = u(0) = g*(0) = 1,(0,0) =

1 1
= 1 (0) = 59(0) = C' = g"9(0) = S(0) - C,
1 10
dg(0) = _Ed“(l)(o) — dg@(0) + pr (o =0,0) =
1 1 1
— _ZquWm - il =
—dp(0) + 5 dp(0) + 5-u(0) .
1 1
— 4400 = = _
dg2(0) = 5¢(0) = 5-1(0),
42 g(l,l)(o) _ i q2 ,u(l)(O) 32 9(2,0)(0) — ia_2v (g =0,0) =
a2 a2 0z3 "’ ’
1 1 1 1
= 5 & p0(0) = 5 d*(0) — - d(0) — —£(0,0) =
1 1
= d2 g1M0(0) = 3 d%p(0) — % d(0).

Equations (27) follow from the relations (29). Conversely, if the conditions (27) are
satisfied, then the equalities (29) are fulfilled, and accordingly — and equalities (25)
for k = 0.

In the detailed record, we represent the equalities (26) for k = 1. As a result, we
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obtain the ratio:

g=0(1) = p(0) = g100) = 1,(0,1) =

l
~ W) - 30+ 52 | v+ C -

_geoq =L 1/
= 9B00) = 5¢() + 52 [ v+,

2
1 10

ey L@ oy L o
49290 = - 4u(0) +ag000) ~ - Lz =0,1)
1 1 1 1
1 1 L oy L 1
L4(0) + £ dp(0) = (D) = 420D = 2ap(0) + 1),
Lo @y 2o L0
az d M (O) d g (l) ag ax(Q)Up
1

1 1 1
= S Pp(0) = 5 p(0) + 5-dv(l) = —£(0,1) =

1 1
= 2620 = = APo(l) + — d ().
g=(1) 5 w()+2a W(l)

It is clear from equalities (30) that equalities (26) for k = 1 are fulfilled if and only
if homogeneous compatibility conditions are fulfilled (28).

Constructed functions g% : D(gUk)) = {z| z € [(=1)kl, (=1 kl + l]} S5z —

g (2) define functions g\¥) according to the formulas

d?g>V(1) =

g9 (2) = g (2), 2 € D(g¥(2)), j=1,2; k=0,1,2,.... (31)

Lemma 2. [f the functions f € CY(Q), ¢ € C*([0,1]), ¥ € C([0,1]), pV) €
C?([0,0)), (j = 1,2), and homogeneous compatibility conditions (27) and (28) are
fulfilled, then the functions defined by the formulas (31), (16), (21), (22) have the
representations .

gV(=) =gV(=) + (=1)C, j=1,2, (32)

where C' is an arbitrary constant from R. In addition, functions g9 are uniquely
defined and g € C?((—o0,1]), 3@ € C?([0,0)).

Proof. The conditions of lemma 2 and the formulas (16), (21), (22) imply
that the functions g**) are to the corresponding classes C2?(D(g"*)). According
to the definition of functions g9} by the relations (31) from lemma 1, equalities
(25), (26) and homogeneous compatibility conditions (27) and (28) it follows ¢! €
C?((~o0,1)), ¢ € C*([0, 0)).

Further, starting with the formulas (16) the functions for each k = 1,2,3,...
are determined by relations (21), (22). Using mathematical induction, it is easy to
show, that ‘

g9 (2) =gV (2) + (-1)C, (33)

where g U for each pair of indices are determined uniquely, the arbitrary constant C
in all relations (33) is the same. Thus, representations (33), definitions of functions
g by equalities (31) prove the representation (32). From this and the fact that
g € C?((—o0,1)]), g® € C?(]0,00)) the second statement of lemma 2 follows.
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Theorem 2. If functions f € CYQ), » € C*([0,1]),v € C([0,1]), 9 €
C?([0,00]), 7 = 1,2, then the function of the form (14) is the only classical solution
from the class C*(Q) of the problem (1) - (3) if and only if homogeneous compatibility
conditions (27) and (28) are fulfilled for the given functions of the problem, where
the functions gV)(j = 1,2) are determined by the relations (31), (16), (21), (22).

Proof of the theorem 2 follows from the previous arguments, theorem 1, lemmas

1, 2.

5 Non-uniform compatibility conditions (4) - (5)

Let’s suppose now, that the homogeneous compatibility conditions (27), (28) are
partially or completely not fulfilled.

In other words, we have non-uniform compatibility conditions defined by the
formulas (4), (5).

As in the previous case of homogeneous compatibility conditions, we start the
study with the general solution (14) of the equation (1).

Repeating the previous arguments for functions g¥) (j = 1,2), we obtain the
formulas (16) — (22). Since the function v,, defined by the relations (7), (8),
according to theorem 1 is to the class C?(Q), if f € C'(Q), for the functions
g¥®(j = 1,2;k = 0,1) we obtain the following values through the compatibility
conditions (4), (5) at the common points of their contact z =0, z = [

g"0(0) = gV(0) = p(0) — pV(0) = 61,
gBV(1) = g*01) = 2 (0) = (1) = o'V,

4g0(0) = dg(0) = = (au(0) — p(0)) = 5,
dg®D (1) — dg®(1) = % (dp(0) — (1)) = o, (34)
PgM0(0) — g D(0) = 5 (*P(0) ~ E(0) + £(0,0) = 69,
1

Pg*0(1) = &g (1) = 5 (@p®(0) — *d*o () = f(0,1) = 0.

a?

Further, using the mathematical induction method, in the general case the rela-
tions are proved:

s+l k=1,3,5,...
P (1,k—1) 1 — k) — dP (1,k) I —kl) = ) )9y Yy ) 35
g ( ) g ) (—1)PoP+h), k=24,6,..., (35)
P (Z,k)(kl) — P (Z,k—l)(kl) . U(p+1)7 k= 1’ 37 57 ) (36)
g g T\ (s, k=246,

forp=20,1,2.

Thus, the presence of non-uniform compatibility conditions violates the conti-
nuity of functions g or their derivatives, or altogether. This conclusion can be
formulated as the following statement.
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Statement 1. If homogeneous compatibility conditions (27), (28) are not ful-
filled for given functions f,,%, %) (j = 1,2), then no matter how smooth these
functions are, the problem (1) — (3) has no classical solution defined in Q = [0, o) x
[0,1].

Let the given functions of the equation (1), the boundary conditions (2), (3)
be sufficiently smooth and such as in theorem 2: f € CY(Q), p € C2[0,1], ¢ €
C'0,1], u¥) € C?[0,0), j = 1,2. Under given assumptions, the given functions are
defined ¢ (j = 1,2). Since the compatibility conditions (4), (5) are non-uniform,
for 61 and ¢+ p = 0,1, 2, not partially equal to zero or completely, we obtain
discontinuous functions ¢¥) or their derivatives according to the expressions (35) -
(36).

Let us consider first, according to the formula (14) the partially defined solutions

u®m (x) = P () — amg) + g™ (21 + awp) + vy(x)

for x € Q, where z = (x1 —axg) € (—kl,—(k—1)l), Z = (x1 +axg) € (ml, (m+1)I).
Let us introduce the notation of new functions r*: R? > @ > D(r®) 3 x —
rR)(x) = g (1) — azy) € R, r®™:R?2 5 Q D Dr®™) 3 x — rM(x) =
g™ (z1 + axy) € R. Thus,

u B (x) = v,(x) = 1 (30) £ 127 (x), (37)

where the domain D(u*™) of the function u(*™) is the intersection of the domains
D(r®t0Y and D(r@m™) ie. D(u®*™) = D(rH0)y N D(rZ™). Since the values of
an arguments x are within the domain @, for most indices ¥ and m D(u*™) = @,
@ is an empty set. We are interested in functions u*™ for which D(u*™) # &,
kE,m e {0,1,...}.

If we analyze the domains of definition of functions ¢U*, j = 1,2, k=10,1,2, ...,
then in (37) D(u*™) = @ under the condition that |k — m| > 1. This means the
following: D(u*™)) # & for k = 1,2,..., if, accordingly m = k — 1,k,k + 1, and
D(u®™) #£ @ if m =0, 1.

We denote through Q%™ = D(u*™) subdomains the domain Q, k = 0,1,2, ...,
m=*k—1,k k+1, QY = & Note that the boundary points z = z; —azy = —kl,
2z =1, —axg = —(k — 1)l of the functions g™"*) determine the characteristics of
the equation (1) in the domain @, k = 1,2,..., of one family, and the boundary
points z = x1 + arg = ml, z = x1 + axg = (m+ 1)l, m = 1,2,..., in Q define the
characteristics of another family. These non-intersecting subdomains Q™ of the
domain @ in the Cartesian coordinate system of the plane R? of variables xg, z; are
described by the following relations:

Q(O,—l) — @,
l
Q) = {XEQ|$1 € (0,5} 0 <z < x_}U




Q(k’k_l):{XEQ|ZE1€ (O’£}7L]€_1)l<xo<kl_$1}7 k=1,2,...,
a

2 a
l kl — k— 1)l
Q(kl’k):{XEQ|$1€(—,l>, x1<xo<m},k:1,2,...,
2 a a
] kl— kl
Q(’%k):{ermle(O,—}, T g < L }U
2 a a
[ k—1)l k+ 1) —
U{XEQ|$1€[§,Z),M<%<%}, k=1,2,3 ...
a

For clarity, the subdomains Q%™ are shown in the figure 2 in the Cartesian
coordinate system of variables g, x1.

t

——x-at=-(k-1)!

| x+at=kl

Q(Z,U Q(]‘.?)

Q(H/

Q/[ﬂ; Q/ﬂ/)
o0

0 1 X

Figure 2: Dividing the domain ) into subdomains Q®*").

~ ~ oo k+1
We denote by @ way of unification Q™ namely: @ = |J |J Q%*™. Clearly
k=0m=k—1

QCQ.
Along with the subdomains Q%™ of the domain ) , we denote MU*) intervals
the characteristics of the equation

Or,u(x) — a0y u(x) = f (x),
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is ) and passing through the points (kﬁ,()), k=0,1,..., 7 = 1,2. Notations
MUK can be viewed as a subset of the domain Q and MUK = {x € Q | 7, =
(=1 tazg + (kK —2+ ),z € (0,1),k=1,2,...,5=1,2}.
~ oo 2 ) _ =
Thus @ = QU (U U MUY), @ =Q.
k=1j=1
Let us denote @ the function defined on the set ) in the following way:

a(x) = um™(x) = g (21 — axg) + g*™ (21 + axo) + vy(x) =
= ) () + 0,3,

where k =0,1,2,...,m=k— 1,k k+1; u®> V(t,z) = 0.
The following theorem is valid. B
Theorem 3. Let the functions be the following f € CY(Q), ¢ € C?[0,1], ¥ €

3
C'0,1], p) € C?[0,00), j = 1,2, and > [((5(7’))2 + (0(p))2] # 0. Then the function
p=1

(38)

@ from the class C*(Q) is the only solution to the problem (1) — (3) if and only if
the compatibility conditions (4), (5) are fulfilled .

Proof of theorem 3 follows from the previous arguments.

Numerous characteristics MU*) can be divided into two classes:

M(o) = (M= D)o ((J m®2),
s=1 s=1

M(5> _ (U M(1,2s)> U (U M(2,2371)).
s=1 s=1

Corollary 1. If ") # 0 and oV # 0, then in terms of the relations (35), (36)
the function @ for each k = 1,2,... and j = 1,2 on MUY* is discontinued when
passing through the given characteristic interval x1 = (—=1)7 " xg + (kK — 2+ j)I. In
addition, on the set M(S) for each of theirs points, the gap is equal to the same
number 01, on M(c) and the gap is equal to V). The derivatives of the first order
function @ on sets M(8) and M(c) suffer the gap equal to 5® and o® respectively.
Similarly, second-order derivatives of solution u on these sets suffer gaps equal to
the numbers 6@ and ¢® respectively.

Theorem 4. Let the functions be the following f € CHQ), ¢ € C?[0,1], ¥ €
C'o,1), p9 € C?[0,00), 7 = 1,2, 6 = oM = 0. Then a function @ from the
domain C(Q)NC*(Q) is the only solution to the problem (1) — (3) if and only if the
compatibility conditions (4), (5) are fulfilled.

Proof follows in fact from the theorem 3 and corollary 1. Indeed, if 6V = oM =
0 then the solution @ on the sets M(J) and M(o) is continuous. Consequently,

besides the solution @ € C?(Q), it is a continuous function in the domaim Q, @ €
Q).

Theorem 5. Let the conditions of theorems 3 and 4 be fulfilled and, moreover
§® =52 =0. Then the solution @ of the problem (1) — (3) is to the class C*(Q) N

C?*(Q) and is unique if and only if the compatibility conditions (4), (5) are fulfilled.
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Proof follows easily from theorems 3, 4 and corollary 1, since in this case @
it is not only continuous on M(J) U M(o), but by virtue (35) has of continuous
derivatives of first order.

Remark 1. If §®) =0, p = 1,2,3, then the solution 1, defined by the formula
(38), of the problem (1) — (5) can have gaps together with its derivatives of the first
and second orders only on M(c). In this case @ is from the domain C*(Q U M()).
We can formulate analogous theorems, where in theorems 3 - 4 the set C*(Q) should
be replaced by the set C2(Q U M(0)).

If 0® =0, p = 1,2,3, then a similar remark is valid, where C2(Q U M(4)) in
this case instead C2(Q U M(0)).

Remark 2. The problem (1) — (3) with conjunction conditions on characteristics
can be formulated as follows.

We need find the classical solution of the equation (1), with the Cauchy condi-
tions (2), the boundary conditions (3) and conjugation conditions

[(8§1ﬁ)+ — (8511])_} (xo, 21 = axg — (k= 1)I) =

S D), k=35,..., (39)
N {(—1)pa<p+1>, k—o4p, . OT0EHE=DI

o), k=1,35,...,

40
(—=1)PoPHY bk =246,..., (40)

[(8§1u)+ _ (aglu)_} (20, 21 = —axzy + kl) = {

where the numbers 6@ and 0@, j = 1,2, 3, from the conditions (4) — (5), ()* are
the limiting values of the function u and its derivatives 0, ,u, 92 u from different
sides on the characteristics 1 — axg = —(k — 1)l and x1 + azg = ki, i.e.

(8§1ﬁ)i (0,21 = axg—(k—1)l) = lim (9P @) (zo, 11+ ATy = azo—(k—1)1),

Ax1>0,Ax1—0

- .
(02 w)™ (o, 31 = —azo + ki) = A:E1>(%31An11*>0 (02)) (zo, x1 £ Azy = —axo + ki).

Note that such the formulation of the considered problem with conjugation con-
ditions is more acceptable for its numerical implementation.

6 The method of characteristic parallelogram.
The formula for solving the first mixed problem
for a one-dimensional wave equation

In the domain @) we consider rectangles Q" = ((m — 1)£,m£) ,m=1,2 .. (see.

fig. 1). It is obvious that, Q = |J Q™.

Let the point & = A = A(™) ::/ith coordinates (g, 1) is to Q™ , m > 2. Through

A the conduct of the characteristic yy = % +xo— Ty = —% +xp — %t to the
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intersection with the side parts of the boundary 9@ of the area () at the points B and
C respectively (fig. 3). The points B and C' have coordinates B = (2o — %,0),C =
(zo + 4 — L), where o and z; - coordinates A = A®™. Through B and C' we
make new characteristics that intersect at the point A=Y = (x5 — é,l — 7). We
get the characteristic parallelogram A BC A(m=1),

According to the formulas 14, (21) and (22) the solution of the problem (1) - (3)

at the point & = A is written in the following way:

Yo
ml
¢ — 4(m)
A=A Q('")
B™
(m-1)l cm
a
4m-1)
Q(m—I) C(m-1)
Bm-1)
(m-2)
a (m-2) Q(m—z)
B(Mm-2)
C(m-Z)
1
a
Q(I)
0 ) 5/1
Figure 3:
l
(@) = w(A™) = 1O (2 — ﬂ) + @ (20 + S 5)+
a a
+ gUm (21 — 2y — axg) g™V (axg — x1)+ (41)
X1 I )
+ vp(x) — vp(xo — E’O) — vp(xo + pi EJ)'
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If we compare the obtained formula (41) with the coordinates of the vertices of
the characteristic parallelogram A™ BC A(™~1) then we can write it in the following
form

u(x) = u(A(m)) =u(B)+u(C)+ 'Up(A(m))—

—0,(B) = 0,(C) + v,( A" ) —u(A™D). (42)

This process can be continued further. The point A~ is the point from the

area QY. If QU™ it is not QW, through A™~Y and A™~? = (25— 2, z;) then
we draw characteristics again and build a characteristic parallelogram
Alm=1) gm=D) Cm=1) An=2) ‘where B = (zo+2—2L 0), " = (zop—2—L ).
Similarly to the formula (42) we write the values of the solution of the problem
(1) - (3) at the point A™ ™Y = (zo — L, — 21) through the values at the points
Bm=1_Cm=1) = A(m=2) We continue this construction until we reach the value of
the solution of the problem at the point of the set Q™).

Consider the rectangle QM. It is divided into four parts QR & = 1,23, 4.

Subdomains Q) can be analytically described in the following way:

) U l
1,1) — @ . e J1 1. Z
| —
0<yp< yl},
a

l -
9“72):{@/6@(1):%6(0 > Bcy< yl},
a a

'2
l l—
Q3) = {y ey € (5,1), Ny < @}
a a
QU =2y e QW .y € 01 l_y1<yo<l U yeQW .y ¢ El
’2’ a 27 Y
ﬂ<y0<l}.
a

4
If we consider the circuits, then Q) = |J Q).
k=1

For z € QW the completely characteristic parallelogram it does not work, but
only its part, where z - is one of its vertices. The configuration of the parts of each
characteristic parallelogram differs from each other depending on the fact that the
point z has a set Q%) for each k = 1,2,3,4. Therefore, the formulas for solving
the problem (1) - (3) will also be different. Let us consider each case z € QWP k =
1,2,3,4.
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.z e Q1Y)

problem (1) - (3) at the point z € Q) is represented as

u(z) = u(A(l)) = g(l’o)(zl —az) + 9(2’0)(21 + azp) + v,(2)

1

= i[gp(zl —az) + p(z1 + az)] +

= MO(E®) + O (FO) 4 1, (2),

z1+azo

2a

z1—azg

P(§)dE + vyp(z) =

AW e QD

where E©) = (0,21 — az), F© = (0,2 + az) (fig. 4).

u(z)

+ () = u(BY) + g2V (FO) - g0 (B)

z e Q2

where B = (z,

Sl +a20) = plaz — 1)) +

Yok
L
‘ 2 oo
7K z
QJ/‘O%/ y\
=
ol L=
0 £ 20 i )/'1
Figure 4:
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w(AW) = gtV (21 — azg) + g0 (21 + azp) + v,(2)

2.0), EW = (0,az) — z1) (fig.5).

.z € QWY According to the formulas (14) and (16) the solution value of the

(43)

According to the formulas (14), (16) and (21) in this case, the
value u(z) at the point z = AW € Q1) is determined by the formula

z1+azo
21
= | Qe+ V- D)+
2aazo—21 (44)
+ vp(2) Up(B(l))a
Yok
L
¥ ~039
QJ/&%/
A(I)zz
o1y
B(I)
0 E® FO 1 ;
Figure 5:



3. z2€ QU Let z = AV € Q0¥ According to the formulas (14), (16), (22)
the value of the function u at the point 2 € Q) is determined by the formula

u(z) = u(AW) = g1 (2 — azp) + g3V (21 + az) + vy(2) =

2l—z1—azg

1 1
— St —as) — g2l - m—aw) + 5. [ w©dr
zZ1—azo (45)
z l z [
+vp(2) + 1 (20 + j - 5) — vp(20 + El - E’l) =
l
= u(C) + O (E®) — gHI(FO) 4 uy(z) vyl + 2~ L),

where O = (2042 — L 1), E® = (0,2 — az), FY = (0,az0 — 21 + 21) (fig.
6).

4. z € QUY In this case, according to the formulas (14), (16), (21), (22) , the
solution of the problem (1) - (3) is determined by the formula (fig. 7)

u(z) = vp(2) + g*V (21 + az) + gV (21 — az) =

2l—z1—azp
1 1
— gl =z + e - n—an) + oo [ w(eder
azo—z1
Wy Ay @, 42 L o~ gy (46)
+ 1 (20 a)+ﬂ (ZoJra a)+vp(z) vp(20 . )
l
— oyl + 2 = 2, 1) = u(BY) + u(C) - g0 ()
00 (pO) TR U a_ L,
g (F) + vp(2) — vp(20 ,0) = vp(20 + 1)
a a a
YoA YoA
L L
‘ »P,xq 20y “ 2 Q0P A=
Jz%/ y\ A(]):z ?]/0%/ \40?0
W c®
BV oW
0 E® F( ! ; 0 EV F / ;
Figure 6: Figure 7:

Thus, to obtain the solution to the problem (1) - (3) using the method of char-
acteristic parallelogram, we find this solution in Q™) using the formulas (43) - (46).
In this case, we use the given conditions (2) and (3), as well as the values of the
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function on the right side of the equation (1), which determines the particular so-
lution v, by the formulas (8), (7), (10). Then, using the formula (42), we find the
values of the solution of the problem (1) - (3) on Q®, on Q® etc. Moving on QU),
j=1,2,..., you can find the solution values and in Q™ for any number m.

This process of finding the solution to a problem (1) - (3) can be somewhat
generalized. Let € = A = A™ B = B™ ¢ = O™, Considering the con-
structed parallelograms for each rectangle QU), we determine the coordinates of all
the vertices. If & = A then through the coordinates zg, 1, the numbers a and [
determine the coordinates of all the other vertices. Namely:

xo_(maj)l,x1)7 j=mm-—2m—4, ...,
AW —
:L,O_(ma—j)l,l_x1 , j=m—1m—3,...,
( -
xo_%_wﬂ), J—mom—2m—4,...,
BU) — (47)
I‘O—F%_W?O)? j:m—17m—3,,
\
( .
x0+9%1_(m+_1)l7l)7 j=mm-—2m—4,...,
o) —
xo_%_WJ)’ j=m—1m-3,....

\
Note that the sequences (47) end in the numbering j = 1. The coordinates
of a point AW in the chain of sequences (47) depend on parity m. If m is the

even number, then AM = [z, — mT’ll,l — 21 ), if m is the odd number, then

A(l) = | Lo — ma_ll,QTl .

Taking into account (47) the representation of the solution by the formula (42)
at the point & = A can be proceeded further. To do this, according to the same
formula, we replace the value u(A™~1)) through u(A™~2)) and the specified values u
through the boundary conditions (3) uw(B™~V), u(C™~V), the corresponding values
of the particular solution v,, then u(A™~?) through u(A™=?) ete. Continue this
procedure until we get in the analytical representation u(A™) through u(AM), the
boundary terms and the values of the particular solution. But the specific form of
this representation depends again on the parity of the number m. Let us consider
each case separately and write down the solution formulas.

Let m be an even number, & € Q™. If we trace in this case the construction of
the solution of the problem (1) - (3), then we obtain its value u(x) at the point x
as a formula
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(=1 [u(BY) = v, (BY)]+

~ 1Y [u(CV) = 0, (CO)] + vy(z) = v,(AV) +u(AV), (49)

where AW = (2 — 2=1] 21 ). The value u(AW) is determined by one of the

formulas (43) - (46) depending on the coordinates of the point & = (zo,z1) and the
parity of the number m. Note that the values u(B")) are the values of the function
p from the first coordinates of points BY) from (47), and u(CY)) similarly, the
values of the function y(? from the first coordinates of points CV) from (47).

Statement 2. The formulas (48) and (49) show that the problem solution (1)
- (3) walue u(x) is determined for any rectangle Q™ (m = 1,2,...) through the
boundary values (2) of the given functions ¢ and 1, the boundary values (3) of
the given functions uV and p®, the values of the particular solution v, at the
corresponding boundary points BY) and CY) | at the point x and AV, the value of
the searched solution at the point A C QW) bypassing its calculations on the sets
QU ete (m = 2).

Like splitting the rectangle Q) = <O, é) X (0, l) into subdomains Q%) j =

1,2,3,4, we divide the rectangle Q™ = [ (m — 1)&, mé x (0,1) into characteristics

Yy — ayo = —(m — D), y1 + ayo = ml into corresponding subdomains Q™7 j =
1,2,3,4 (see fig.8). Correspondence here should be understood in the sense that
if € = (11,29) € Q) j € {1,2,3,4}, then the point & with coordinates & =

<wo . ’”—z> = (fo, 1) is 209 for the same j € {1,2,3,4).

Remark 3. If the compatibility conditions (4) and (5) are non-uniform, i.e.
3

ST1(09)2 + (6D)2] £ 0, then the solution of the problem (1) - (3) or its derivatives
j=1

suffers the discontinuity of the form (35) or (36) on some or all of the characteristics
y1—ayo = (1—7), y1+ayo = jl,j = 1,2,...,m. Therefore, in this case, the solution
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on the characteristics y; — ayo = (1 — m)l, y1 + ayo = ml is considered as a limit
value on the characteristic from inside the corresponding area Q™) s € {1,2,3,4}.

In the formula (48) (m is the even number) the point A®) has coordinates A =
(xo — mT_ll,l — x1). This means the following. If & € Q™Y then AM ¢ QY if
x € QY then also AD € QY If & € Q™2 then A € QU3 and vice versa
if z € Q3 then AL € Q12 (see fig. 9)

Yo VoA
ml ml
a a '\C(X05X|) )
A (m,4) 2 (m,4) ‘
/xQ]) Q /XQ Q
§42/ «:=(Xovx1) %52/ f
Qm2) K ) Qm3) Q(m) Qm2) \\ Qm3) Q(m)
2=(X0,X1) 4&\,‘(\ *=(XeXs) '\C(Xoi(l) 4&\,‘{“ ‘ o))
;(ﬂ“ A™=x=(x,%) . ,0’\;“ AM=x=(x,,X,) ®
9\ %Q(m,l), D - Q(.'_n',l)
(m-1)] : : j : (m-1)l
a : : : : a
/ z R
a QU a . Q4 ™
%, : : ‘ T (®odxy)
L, TEX) s iy -
L o2 . : : 15 N
| Q12 Q(I.S)i Q(U Q( 2) o 7 Q(_lf) Q(l)
.F(X&,Xl) : S‘C(Y(,,xl); \](0\]\\ . . i
Z : . 3 =(X.1-
\,(ﬁ 9 QD ¢ ¢ i) Qih NI
AV=R=(%,,x,) °
A=Ky lx)
0 Iy 0 I
Figure 8 . 2y = 2o — ™=XI,m — is an Figure 9: . 7y = 2o — ™=X],m — is an
a a
odd number even number

In the formula (49) (m is the odd number) there is the full correspondence,
namely: if & € Q™9 then the point A®) with the coordinates A" = & = (Z, z1) =
(zo — =21, 24) is to the set QU9 for the same j as @ € QU9 j € {1,2,3,4}.(see
fig. 9)
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