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We study the problem of existence and calculation of directional derivatives of value functions
in the nonlinear mathematical programming problems which depend on'parameters. This is one
of the important problems in the theory of mathematical programming with, perturbations of pa-
rameters [1,2]. We obtain sufficient conditions for existence and explicit formulas for calculating
the directional derivatives of the first and second orders, under weaker hypotheses than those
traditionally assumed.

We consider a mathematical programming problem NLP(X) depending on a parameter

xOR" :
f(x,y) - iry1f,
yOF(X)={y OR™]| h(x,y)<0,ai 0, h(x,y)=0, ill.},
where | ={1...,s}, I, ={s +1...,p}, and allifunctions f(x,y), h(x,y) i=1...,p are
assumed to be twice continuously differentiable.

For the multivalued mapping F defined above by the constraints of NLP(x), we use the

notation
domF ={xOR"|F(x)ZL},/0rF ={(x,y)|y OF(x), xOR"}.
Consider the value function
#(x).=inf{f(x,y) |y OF(x)}
and the solution set of the problem: NLP ()
o) ={y OF() [f(x.y) = g(x)}, XOR".

Fix a value X° OdomF of the parameter for the rest of the paper. We assume that the set
) X° +1X) is nonempty‘and uniformly bounded for all sufficiently small numbers t >0, that is
there exist a number t, >0 and a bounded set Y, 0 R™ such that a(x° +tX) O'Y, for all
t O[0,t,]/

In"the sequel, for arbitrary chosen x OdomF,y OF(x), y°OF(x°) and (X,y) €
R™x R™, we denote the pairs (x,y), (x°,y°) and (X, y) by symbols z, z° and Z, respectively.

Consider the Lagrange function

L(z,14) =f(2) +({A,h(2)), where A = (A,,...,A)), h=(h,....h ).

Following [2, 3] introduce the lower Dini derivatives of the multivalued mapping F at the point
z° in the direction X :

DF (2°%X) ={y OR"ly® +ty +0(t) OF (x° +tx), Ot >0}

X
D°F (2°,Z,X) ={7 OR"|y° +1y +t% +o(t*) OF (x° +1x),0t > 0}
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and the sets
r(z°x)={y OR"™| (Oh(z°),z) <0, i01(z°), (Oh(z°),z) =0, i0l, Z =(X,y)}

"7 =W ORI NG +5@0E)2) <0101,

(0,h,(z°),7) +%<Z,D2hi (z°)z) =0, i0l},

where
I*(z°,2) ={i DI(z°)| <Oh,(z°),Z) =0} I(z*)={i DI |h(z%)=0}

1°(z%,2) = {i 01%(2°,2) | (O,h(2°).7) + %@, 0°h (2°)Z) = 0, AN OF3(z°,Z;X)}

The main idea of our paper is to propose a new regularity-like conditiony(see the definition bé—
low) which allows to extend significuntly the known results [1] about differential properties of val-
ue functions.

Definition 1. We say that the relaxed Mangasarian-Fromovitz_condition in the direction X
(briefly RMF, ) holds at the point z° = (x°,y°) O grF iffil (2% X)# O and the system of
(R™*+1)-vectors

O h(z
) _ |, o O, x)
(0,h(2), %)

has constant rank near z°.
The next theorem gives us sufficient conditions for the directional differentiability of multiva-
lued mappings.

Theorem 1. Let RMF, hold at the point«Z *Then DF (z°X) = (2% X) # O.

Definition 2. Let y O (z%X). We say that the relaxed second order Mangasarian-
Fromovitz condition at the point z% along the vector Z = (X,y) in the direction X (briefly,
RMF?(Z)) holds iff [*(z°,Z;%) # [ and the system

[Dyh'(z) 3 J i 01, 01%(z°%32)
(H,h(2),%)
has constant rank for@ll Zyin'some neighbourhood of the point z°.

Theorem 2. Let, V' BT (2°;X). If the condition RMF?(Z) holds at the point z° = (x°,y°)
along the vector.Z =(X,y) then D*F(z°,Z;X) =T?*(z°Z;X) = 0 .

Denote (@ (2°z,v) =(0,f(2°),V) + %(Z, 0% (z°)z).

Theorem 3. Let RMF, and strong second order sufficient condition in the direction X
(SS@SC. ) hold at all points z° = (x°,y°), where y° 0 a(x"). Then
1) the function ¢ is differentiable at the point x° in the direction X and

¢'(x%X)= min  min (0Of(z°),Z) = min max{0 L(z°,A),X)

y°Oa(x®)  yOr (2°:%) y°Oa(x®)  ADA(z°)
2) the following formula is valid
2 0.3\ — H H H 0 5 ) —
Dig(x":x) = y"DIaQI",i) yuggzt’;i)vur![!!,z;i)ij(z V)=
= inf__inf  sup ((X.¥),05L(2°A)(X. ).

y°0a(x° X) YO (2°:%) J0p? (20 %)
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YOK 511.1
NPOCTbIE YACNA MEPCEHHA

Akcamum M.B., bbinusosuy B.H.
benopycckuli 20cydapcmeeHHbIl yHUBepCUMem UHgphopMamuku U padueanekmpoHuKU, . MuHck
HayuHbiti pykogodumens: CmpolHukosa E./.

OcHoBHas Teopema apUdMETHKN FNAcUT, YTO BCSKOe HaTypanbHOEe YMCHO n > 1 MOXHO
NpeLcTaBNTb B BIAE NPON3BEAEHNS NPOCTbIX MHOXUTENEN:

n=DP1 *P2* . * Pms
[0 Py, Py ) Py — NPOCTHIE YKCHA.

Pa3snoxeHne HaTyparnbHOro Yncna Ha CoCTaBNSIOLLME £r0 NPOCTbIE MHOXMTENN Ha3bIBAETCA
(hakTopusaLmen yncna. B HacTosALWLWMN MOMEHT HEN3BECTEH TaKoW anropuT™ (hakTopusaLmmu, Ko-
TOpbIA MOr Bbl pa3noxuTb Nboe 6oMbLLOE YNCNO HAAPOCTEIE MHOXUTENW 3@ MOMMHOMWAnb-
Hoe BpeMsl. brarogaps 3ToOMy NPOCTbIE YWCNa HALLMW,LUMPOKOE NPUMEHEHME B KpUNTOrpacuw.
Hanpumvep, RSA: ans Toro, 4tobbl B3noMaTth AaHHbIW WGP, HYXHO PasnoxuTb OOMbLLOe Ymc-
110 N, M3BECTHOE MO OTKPLITOMY KMtoYy, Ha NPOCTLIE MHOXWUTENM, KOTOPbIX BCEro ABa. B ToM xe
anroputMe RSA ans reHepaumu kntodein Tpebyetes Hantu Gonblune NpocTble Yncna, YTo Ha
CETOAHALLHWIA AeHb ropasaio npoLLe (akropusaumy.

HebornbLure NpocTble YMcna U3 Havarna crimcka npoCTbIX MOXHO MONYYNTh C MOMOLLbH) TaKuX
HeCrNoXHbIX anropuTMOB, Kak peLleto JpatoctheHa, CyHaapama unu ATkuHa. Ho Ha npakTuke,
Kak NpaBuUrno, HyXHbl Yncna Bonee BbICOKMX MOPSAKOB. TYT HA MOMOLb MPUXOAAT TeCTbl Ha
NPOCTOTY — anropuTMbl, NPOBEPSIOLLME, SBISETCS MK YACNO NPOCTLIM. HO camo Yncno cHavana
HY»KHO CreHepupoBaTh.

CyLlecTByeT psf YMcen eneluancHoro Buaa, NpoCcToTy KOTOPLIX MOXHO [okasaTb addhek-
TUBHBIMW anNropuTMamu 1 3a NOANHOMIAbHOE BPEMSI:

Uncna MepceHHa < Camble 6onbLUne 13 M3BECTHBIX MPOCTbIX YKUCEN, O4EHb PacipPOCTPaHEHbI
Brarogaps CyLecTBOBaHMIO 3hPeKTUBHOrO Tecta Ha npocToTy Jlioka—Slemepa, ogHako Becko-
HEYHOCTb TaKuX MMCeST A0 CVX NOpP He AoKasaHa. VX MOXHO NpeacTaBuThb B BULE

M, =2F—1

rae p — npocroe. 4Mcno. 3amevaHme; NPOCTOTbI YUCNa p HEAOCTATOYHO ANA AO0Ka3aTesibCTBa

NpoeToThl Yicrna MepceHHa. [1ns 3ToOro CyLlecTByeT crneumanbHbI anroputMm: Tect Jlioka —
Ilemepa’ans uncen MepceHHa. TecT 0CHOBBIBAETCS Ha TOM, YTO MPOCTOTa Yncria M, BneveT 3a

coboi npoctoty uucna p. MNyctb p — npoctoe yncno, 6onbluee nbo pasHoe Tpem. 3apgagnm
nocrneaoBaTenbHOCTb:
LU = ‘4:‘JI
Lysy =12 +2
Torga M, npocToe Toraa u ToNbKO Toraa, korga L, = 0 (mod My,).
Mpu peanu3amm TecTa BbIMUCTAIOT HE CaMU 3HAYEHNS Ly, Ly, ... , Ly, ANWHA KOTOPbIX pac-
TET 0 SKCTIOHEHTE, a TOMbKO UX OCTaTKM OT AeneHus Ha My,





