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| MpakTnyeckue 3agaHns No Teme:
«PYHKLMMN HECKOJIBKUX NMepeMeHHbIX»
Ne1. HanTtu yacTHble npom3Boqule BToporo nopsgka q)yHKu,MM.

1) z(x,y)=3x>y? +2x’y—4xy> +5x - 15y? + 3 .

2)  z(x,y)=4y*x?-5y®x+3yx3+3y-5x2+7 .

3)  z(xy)=2x3y?-2x3y—4xy> +5x -2y +7.
4)  z(x,y)=7y*x?+3y?’x —yx3 +3y? - 5x% +1.

5)  z(x,y)=5x>y? -3x%y+2xy> —4x+8y* -4 .

6) z(x,y)=2y>x?-4y®x+3yx>—5y+7x%—64

7)  z(xy)=3x%y? —5x%2y+2xy> +y—4x+ 7y —11.
8)  z(x,y)=3y’x?+5y?x+2yx> —7y? +2x 12"
9)  z(x,y)=7x3y? —4x’y-Txy> +2y%>—2x-5.

10) z(x,y)=2x3y? —3xy +2xy> —4Xx? + 4y=5.
Ne2. Hantu nonHein gudppepeHumnan gyHkumnn.

1) z(x,y):arccose’\/g. 6) z(x,y)=arcsin® %

2) z(x,y):arctg‘;\/g. 7) z(x,y) = arcctg \/%

3) z(x,y)=sin® Y= ‘/7 8) z(x,y)=cos’> Y \/_

8 2xy)=ctgt 9) z(xy)=tg> "~
ﬁz \/_

5) z(x,y)=cos> [X?] 10) =sin [ j

Ne3. C nomowibtio anddepeHunana npnbnmxeHHO BbIMUCNUTDL BblpaXXeHue
C TOYHOCTbIO O TPEX.3HAKOB Nocrne 3ansToun.

1) |3,122.+3,08% . 6) 5,862+811.
2) /5,192 + 14,972 . 7) /3,032+3,872.
3) 6,122 17,082 . 8) 5132+11,91.
402,862 + 4,112 . 9) 5,932+821.
5) 4,912 +12,072. 10) /2,932 1+ 4,212 .

Ne4 \BbluMcnvTb NPOM3BOAHYH OYHKUMK Z(X,Y) B ToYke M B HanpasneHuu
BEKTOpa a.

1) z(x,y)=3x>-3y?x+3yx* -1, M(1;-2), &a=(3-4).
2)  z(xy)=3x>+4y’x+6yx® -3, M(2,-1), a=(-6;-8).
3)  z(x,y)=2x3-3y®’x-2xy+3x2+2y+4, M(2-1), a=(-4-3).
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4x2y—6xy2+5,

Z(x,y) =
Z(x,y) =
Z(x,y) =

z(x,y)=2x3-12xy+3y2+30x -6y +6.

—2x%y+2xy? -5,
3

=x>—2y?x+xy+3y? —x-3y+3,
X2 +XY+y2+2x+2y,
2y
=-3y
2y® —3x%y - 2xy+3y% +2x +15,
—2x2y+xy+3x2—3x—y+5,
+3xy?—2x2+4x+10y+3,
Neb5. UccnepoBath Ha akCTpeMyM PYHKLMIO.
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2x3 +12xy+3y? - 6x—-12y +13.
—3x2-12xy-2y> +12x+ 6y —10.
2x3 —6xy—-3y* —6x+6Yy+1.
z(x,y)=2x3 - 6xy+3y?> —12y4 5.
z(x,y)=2x3 +6xy—-3y? —12x +1

z(x,y) = -3x% +12xy — 2> + 6x - 30y + 1.
z(x,y)=2y> —6xy—-3%X%—6y+6x+10.
z(x,y) = -3x% +6xy —2y° +12x + 2.

z(x,y)=2x3 +6xy—-3y> —36x+2.
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Ne6. VMcnonb3ys meTon HauMEHbLUMX KBagpaToB, HAUTU FNIMHENHYHO 3aBUCK-
MOCTb MeXAy X M Yy No AaHHbIM, NpUBeaeHHbIM B Tabnuue. Caenatb YepTex.

[ i [ 1 T2 [®8W4]5[]6[7 879 [10]
o X2l 127345167
Y, | 9| a2 [ -1 3 | -3]9 [11] 1519
oy | X[ B2 o [ 1 [ 234568
y; | 9. 8| -4 -4]-1]-8]3 ] 4] 710
o | LSy 432[ 1[0 [1]2][3]4
Yob-16 | -13| -8 | -7 | -3 [ -9 | 3 [ 5 | 9 | 13
g2 [ To [ 123 ]4]5][6]7
y; | -4 3| 1 [ 1] 4 |-3]81]9]12]15
o | | t[o T 123456738
y; | 3| 2| 2] 2|5 | -2]9[1] 13| 16
g | [ 8[2]-1[o[1[2[3]4][5]6
y; | =9 | -7 | 2 -1 3 |-3]9[11]15]19




7) X -2 -1 0 1 2 3 4 5 6 7
Yi -6 -4 1 2 6 0 12 14 18 22
8) X; -3 -2 -1 0 1 2 3 4 5 6
Yi -4 -4 -1 -2 0 -8 2 2 4 6
9) X -2 -1 0 1 2 3 4 5 6 7
Yi -4 -3 1 1 4 -3 8 9 12 15
10) X; -1 0 1 2 3 4 5 6 7 8
Yi -4 -3 1 1 4 -3 8 9 12 15
Il MpakTnyeckue 3agaHns No Teme:
«MHTerpanbHoe ucyucrieHue»
Ne1. HanTtu HeonpeaeneHHble NHTerpans.l:
a)
i dx i dx
.2— . 6 2— .
J sin“(3x - 4) J cos“(2x-3)
sin(2 - 5x)dx . 7. cos(3 - 4x)dx .
[e7-5%qx 8. [e25dx .
* dx 9 * dx
J2-7x’ - J)5-3x
23 dx . 10. | 3°*2dx
6)
¥ dx 5 ( dx
J /25 +9x? - d4x?-25
* dx ( dx
5 . 7. — .
J 16x° +9 J 49x“ + 25
__dx o [9x
J ./ 25-4x? - ) /16-9x2
* dx F dx
— . 9. —
J 16 - 25x J 36x°-25
i dx ) dx
10.

J Jo-25x2

:

9x% -16
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./ In(5x - 3) «
5x -3

.tg(5x +3)dx.

.ctg(3x +7)dx.

* ./ tg5x dx

cos’5x. .

j

10.

10.

Ne2. HanTtu HeonpeaeneHHbIn UHTerpan:

1.

[ X

6.

10.

—@ dx.
Sin“3x
Jarcsindx
J1-9x2
Jarcetg5x
1+ 25x?
arccos2x
1- 4x?
arctg4x
1+16x?

dx.

dx.

dx.

Uil

dx.

X\ 2x +5dx.
X\ 4x - 6 dx.
x\/mdx.
x\/mdx.
x\/mdx.



Ne3. Hantu HeonpeaeneHHbIW MHTerpan:

1. arcsin5xdx. 6.
2. .arctg4xdx. 7.
3. .x-sin5xdx. 8.
4, .x-e'zxdx. Q.
5. [(3x®-4x+2)inxdx. 10,
Ne4. Hantu He(.JI'IpeLI,eﬂeHHblﬁ NHTerpan:
1 [ ax 6.
J x“+4x+8
2, . 3x- 1 7.
J x“+8x+25
3. [ . 8.
JxX“+2x+5
4. [ 25 gy 9,
J x“+6x+13
5. [ 2 _gx. 10,
J x“+10x +29
Ne5. HanTtu HeonpeneneHHbIn NHTErparn:
¢ 3x2+20x+9
1. dx. 6.
Jx+3)(x + 1) (0+ 5)
( 43x - 67
2. dx. 7.
J N (x 28> 3)
i 8x
: dx. :
S s o) (x+3) > °
r .6x°+6x-6
4. 9.
J et D) (x + 1) (x-1)
( 3x?-15
50 10.
Jix+2)(x-1)(x+3)

.arcctg 2xdx.
.arccos 3xdx.
.x -cos3xdx.
[ %6 % dx.

(5+2x-6x2)lnxdx.

* 6Xx+5

x? - 4x.4% 20
+ 42x-3

X2 8x +20
*+ 2x+3

x? -2x +10
* w4x+5

X% -6x+18
¥ 2x +1

x? -10x + 34

dx.

dx.

dx.

dx.

 4x? +32x+52
(x+5)(x+1)(x+3)
. x>
(x+1)(x-1)(x+2)
( 2x% - 26
(x+5)(x+1)(x+3)
. 6x2
(x+2)(x+1)(x-1)
C TX%-17x

dx.

dx.

dx.

dx.

dx.

(x-2)(x*1)(x-3)

Ne6. HanTn nnowagb urypbl, orpaHM4eHHON napabonon n npamomn

1. f(x)=-x*-4x+7,
g(x)=x2+4x-4,
f(x) = -x? - 2x +1,
g(x) = x2 +4x +1,
f(x)=-x?+4x-4,

A

g(x)=-2x+4.
f(x)=2x-1.
g(x)=-3x-1.
f(x)=3x+3.
g(x)=2x-7.
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g(x)=x2-4x+2,
f(x)=-x2+2x+5,
g(x)=x2+2x +2,
f(x)=-x2-8x-11,
g(x)=x2+8x+12,

f(x)=-2x+5.
g(x)=3x+3.
f(x)=3x+4.
g(x)=-4x-8.
f(x)=2x+7.

Il MpakTUyeckme 3agaHnsa No Teme:

«AndpcpepeHunanbHble ypaBHEHUA»

Ne1. Hantn obuee pelieHne anddepeHumnanbHOro ypaBHeEHUS:

a)

tgxdy-ydx =0.

J16+x2dy-ydx =0.

(ex +2)dy-yex dx=0.

1 6
2 7
3. x?dy+ydx=0. 8.
4 9
5

(4+x2)dy-ydx=0. 10:

(x2 +3)y’-2yx =0.

6
coszx-y’-y=0. 7.
(5x+2)-y'-(5x+7)y=0. 8

(1+x3)y'-3x2y=0.
anTn YacTHoe pelleHne gudpdepeHumansbHOro ypaBHEHNS:
1.

2.

1
2.
3. :
4. W-y’-xy=0. 9.
5
H

y_gy 3e3X6 2

!/

3e3X+6 5

5
y-—-Vy=
X

y'-=y=3x°cos(3x-6),

y'-—y =6x"sin(6x +6).

10.

ctgxdy + ydx =0.

\ X%+ 25dy - ydx =0.

(x2-9)dy-ydx=0.
(eX-S)dy-yede=O.

\16-x2dy-ydx=0.

(x2-4)y’-2yx=0.
sin?x -y’ +y=0.
(3x+4)y'-y(3x+7)=0.
\/x2+4-y'-xy=0.

(1+x4)y’-4x3y=0.



9. y’-§y=2x3cos(2x-6), y(3)=54.
X

10. y'-£y=2x4sin(2x-4), y(2)=32.
X

Ne3. Hantun obuiee peweHne guddepeHunansHOro ypaBHEHNS:

a)y'+y'-12y=0, 6)y"-18y'+81y=0, B)y"+4y +40y=0.
a)y'-y'-20y=0, 6)y'+12y'+36y=0y B)y"-14y +53y=0.
a) y"+4y'-21y=0, 6)y"-20y’'+100y=0, B)y"+8y +20y=0.
10. a)y"-3y'-18y=0, 6)y"+16y"+64y=0, B)y"-10y'+34y=0.

Ne4. Hantn obuee pelieHne andepeHumanbHOro ypaBHEHNUS:

1. a)y"+4y'-12y=0, 6)y"-4y'+4y=0, B) y"+6y +13y =0.
2. a)y"-2y'-15y=0, 6)y"+8y'+16y=0, B) y"=10y'+29y =0.
3. a)y"+2y'-8y=0, 6)y"-14y'+49y=0, B)y"+6y'+34y=0.
4. a)y"-3y'-10y=0, 6)y"+10y'+25y=0,/ B)y"-8y' +25y=0.
5. a)y"+6y'-16y=0, ©6)y"-6y'+9y=0, B) y"+4y'+20y =0.
6. a)y’'-5y'-14y=0, ©06)y"+22y'+121y=0,,B)y"-8y'+41y=0.
7. a)
8. a)
9. a)

1. y"+2y'-8y=-16x% +16x=22."6. y"+y' -12y=-24x? +40x-11.
2. y'-y'-By=-24x?-2x -9, 7. y"-3y'-10y =-40x°-4x +4.
3. y'-4y'-5y=-15x%> ¥#Bx+10. 8. y"+7y-8y=-32x2+16x+35.
4 Y-8y -7y = -14x%+4x + 7. 9. y"+4y'-5y=-25x>-5x+86.
5.  y'+y'-By=-24x"%4x +16. 10. y"-2y'-15y =-30x? + 7x - 9.
Ne5. Hantun obliee peweHne guddepeHunansHOro ypaBHeEHNS:
1. y"+2y'-16y =16e> . 6. y"+4y +4y=6e,
2. y"+6y'+9y =8e . 7. y"-2y'-8y=18e™.
3. y'-4y"s12y =24e . 8. y"-8y'+16y=6e™.
4. _ y"-A0y + 25y =10e>*. 9. y"+3y'-10y =14e*,
5. ly"-2y'-15y = 24e>*. 10. y"-6y'+9y =10e*>.
Ne6. HanTtn obLiee pelueHne cuctemol guddepeHumanbHbIX YpaBHEHUN:
X' =2X +Y, X'=3x+y,
{y’=3x+4y.' °. {y’=x+3y.'

X" =4x - 8y, - X' =4x + 2y,
y' = -8x+4y.’ © |y’ =4x+6y.



{X’=3X+y, 3 {X’=2X+y’

y' =8x+y. y' =-6x-3y.
X’=4X-y, 9 X’:6x_y’
y'=x+4y. ly=axe2y)
X'=x+2y, X'=-2x+Yy,
5. , y : 10. , 4 :
y' =4x + 3y. y' =-3x +2y.
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IV NMpakTnyeckne 3agaHuda no Teme:
«YuncnoBblie U PyHKLUMNOHaNbHbIE pSAabI»

Ne1. NccnepoBaTtb CXOAUMMOCTL psiga:

“  n+3 © n?+2n+4
1. —_ . 6. - —.
n;n3+n+6 n;n3+5n+1
= n+2 = n+1
2. _. 7. _.
nZ=;n2+4n+3 n;n3+n+5
2 n+2 L n®+1
3. —_ . 3. - —-
Ir]Z:;n?’+3n+5 ;n3+3n2+2
= n+1 = n+5
4, — . 0. -
n;n2+2n+4 Ir]Z:;n?’+n+5
2 n+1 2 n%+2n+11
5. —4. 10. —_ .
n;n3+4n+2 Ir]Z:;n3+3n2+1
Ne2. VccnepoBatb CXOAUMOCTL psiga:
2 (n+3)=10" 2 (n+4).7"
1. ZT- 6. ZT
n=1 3 n=1 2
(N 7):15" & (n+5)-3°M4
2. Z 4n+1 7. Z 3n )
=1 2 n=1 2
2 (n+3)-17""2 © (n+3)-8"
3. Z 2n-3 8. Z 2n-3 )
n=1 4 n=1 3
0 (n + 4) . 52n+1 0 (n + 2) . 22n+1
4. Z 3n-4 9. Z n )
n=1 3 n=1 3
o0 (n + 4) . 34n—1 00 (n + 3) . 1 12[‘1—2
5. Y 10, 2
n=1 4 n=1 2




Ne3. ccneposaTb CXOAMMOCTbL paaa:
2
o 53n+1 (n + 3)”

1. Z

n=1 1

— 192n 1 nn 173n-2 _nn
3. i34n+3 (n+4)n 8. iBZn+1 (n+ 2)n
n=1 104n-2 -n”2 n=1 82n-1 -n”2
IR S TN
n=1 132”-3 . nn2 n=1 205”-1 . nn2
o A5N+2 n? o Qdn+1 n
5 Z4 (n+5) 10. Z8 (n+32
n=1 11PN3 " n=1 021" 2. "

Ne4. NccnepoBatb CXOAUMOCTL psiga:

1 i(_1)n—1 n+1 &) i(_1)n—1 n+3

- n>+2n+73° w n?+6n+99
2 g‘ (_1)”'1 n? +n4+n2+ 94. ¢ é (_1)n-1 n2 +r;,: f 136
> ni‘ (" n? +n2;1+ 57 5 ni (" n? +r:1; f 114
+ é('”m n? +2;f114' o §(4)n_1 n2 +2::157'
> 2(4)”_1 n? +2:1241' 10. 2(4)”-1 n2 +r:1;f186'

oy — 6. > —

n=0 4n(n+ 2) n=0 7n(n+4)
0 Xn 0 XI’I

2 7
n;‘) 5"(n+3) n;‘) 11"(n+9)
0 Xn 0 XI’I

3 8
ng‘) 2"(n+4) n;‘) 9"(n+10)




0

2 Gines)

> Z O“n+8) 0. 2 8”n+3)

Ne6. Hantm pasnoxeHwe B CTEMEeHHOW pAg MO CTEMNEHAM X peLleHud
andpdepeHUmnanbHOro ypaBHeEHUS (3anncaTth TPy NepBbIX, OTANYHBLIX OT HYNS,
YrieHa 3TOro PasnoXeHus):

1. y'=xy+e’, y(0)=0. 6. y=e +y’x y(0)=1

2. Y=yt y(0)=t Ty =2yt y(9)=3
3.y =x*-y% y(0)=2. 8. ¥y =x"+xy+y°, y(0)=2.
4. y'=x+x*+2y% y(0)=1. 9. y'=2x+y?+e*, y(0)=1.
5. y'=2x*-2yx, y(0)=4. 10. y'=ye*, y(Q)=d.

V PelweHune npakTMyecKuUx 3afgaHun no,Teme:
«PYHKLMMN HECKOJIBKUX NepeMeHHbIX»
Ne1. Hantn yacTHble Npon3BoAHbIE BTOPOro nopsiaka pyHKUnm

z(x,y) = 4y°x? - By*x + 7Y% =2y + 3x* - 5.
PeweHue
BbI4MCINM YaCTHble NPOU3BOAHbIE NEPBOFO. MopsiaKka yHKUMN Z(X,Y):

z, = (43/3X2 -By?x + 7Tyx> - 2y +3x2 - 5),X =
=4y’ (Xz)lx -6y (X),x + 7Y(X3)IX -0+3(X2)'x -0=8y>x-6y? +21yx? +6xX ;

zy = (4y3x2 - By>x + 7yx° - 2y + 3x° - 5),y =

=4(y3)'y x2-6(y2)'yx+7(y)'y x2-2(y), +0-0=12y*x2-12yx+7x*-2.

Hangem yacTHble Mpon3BoAHbIE BTOPOro nopsaka:

4

Al =(z;()'X = (8y3x-6y2 +21yx? +6x)'x =8y° (x)'X -o+21y(xz)’x +6(X)’x _
=8y3+42yx+6;

Zyy = (z;()y = (8y3x-6y2 +21yx? + 6x)’y = 8(y‘°’)’y x-6(y2),y +21(y)'y x2+0=
= 24y?x -12y +21x2;

2, =(2,) =(12y32-12yx+7x° 2) =12y? (x2)'x “12y(x) +7(x3)'x 0=
=24y2x-12y+21x2;

Zyy = (ng)’y =(12y2X2 -12yx+7x° -2),y = 12(y2)'y X -‘12(y)'y x+0-0=

= 24yx? - 12x.
12



3ameTnm, 4YTo OnAa CMellaHHbIX YaCTHbIX MPON3BOAHbIX beHKLl,I/IVI BTOpPOro

nopsiaka zg,, zy, BbINOMHSAETCS COOTHOLLEHWe zy, =z

"
Xy yX -

Ne2. Hantu nonHbin anddepeHuman gyHKumMm

2(x,y) = th\E-

PeweHue

Bbluncnss yactHble Npon3BoaHble NepBoro nopsigka yHkimMm, z(x,y), no-
Ny4Ynm:

X X X X 2\/; X
X X cos” > X
X
y 1 1Y y 1 -2
= 5t 4\/:. . L_j =5t 4\/:. N . __X2 =
TN oy Wl 7Oy y W3

cos cos?, [~
X X
_ 5tg4\/2- 1 Jy
X cos? Y 2x/x
X
z'f(tgs\PJ —5tg4ﬁ-[tg X] T S [ﬁ] =
X X X o, [y [ Vx
cos?, |~ y
X

1
1 1 ! y 1 1 1 -
=5t4 X . A/ =5t4 Z . . Jd_-v 2 |[=
g\/x 2\/;&(3/)31 gx » [y x 2y
COS 3 -
X X

y 1 1
= 5tg4\/: . 5 .
X feog2 Y 2,/xy

Cc

X
TorganonHbIn anddepeHuman gyHKUM paseH

dz=z;dx+z'ydy=-5tg4\/%- 1 -2)\(/?/;dx+5tg4\/%- 1 -2\/1X_dy.
cosz\/y cosz\/y y
X X

Omeem: dz = -5tg4\/2 : 1 : 2\/?/_ dx + 5tg4\/2 : 1 : 2\/17 dy.
X cosz\/; *NX X cosz\/; Y
X X

13



Ne3. C nomowibto anddepeHumana Bbl4UCINUTb NPUBAMKEHHO BblpaXXeHue
\/4,1 12 + 3,022 ¢ TOYHOCTbIO [0 TPEX 3HAKOB MOCHE 3aNSATON.

PeweHue
[MpencrtaBuM OaHHYHO BENUYUHY B BUAE

J4,17 43,022 = (4 +0,11) +(3+0,02)°
N BBEOEM (PYHKUMIO f(x;y):\/x2+y2, roe X=X+ Ax; x5 =4;"Ax=0,11;

y=Yo+Ay; ¥o=3; Ay =0,02.
Bocnonb3yemca dopmynown

F(xy) = f(xo:¥0) + 1 (Xo:¥0)  Ax+£, (%0;¥) - Ay -

[Monyynm:

A S et
X +y
f'(x 2% )=L:
X 070 32

_I_
N
N
X
N
r s olw
<
N

I
ol s

fy' (xo;yo) r 32—

+
N
N

Bbluncnaem:
\/4,1 1+ 3,022 ~5+0,6.0,11+0,8-0,02=5+0,066 +0,016 =5,082.
Omeem: 5,082.

Ne4. Boluncnuntb NponsBoaHY0 OyHKL MK
z(X,y) = y° +x%y - xy” - 5x - 4y
B Touke M(-1;2) B'HanpaBneHum Bektopa a =(12;-5).

PeweHue
BbluncnmmyactHble Npon3BoaHble NepBOro nopsaka pyHkunmn z(X,y):

z, =(y3 +x2y-xy2-5x-4y) =O+(x2)xy-(x)'X y2-5(x)'x-0=2xy-y2-5;

X

1A (B o 2 2 (3 20\ 2\ r_

y—(y + X%y - Xy -5x-4y)y—(y )y+x (y)y-x(y )y-0-4(y)y—

=3y2 +x2-2xy-4.

Hangem 3HayeHusa YacTHbIX NMPOM3BOLHbLIX MEepBOro nopsaka yHKUun B

Touke M(-1;2):
(1:2) = (2XY-¥?-5)| 12 = 2:(-1)-2-27 -5 =-13;
(-1:2) =(3y2 +x° -2xy-4)‘(_1;2) =322+ (-1)"-2:(-1)-2-4=13

!

Zy

Zy
14




Bbluncnvm koopanHaThbl BEKTOpa €, AnvHa KOTOpOoro paBHa 1, KonnuvHeap-
HOro BEKTOpY a :

OJIMHa KOTOpPOro pasHa eanHuLeE.

YuutbiBas, 4to ‘5‘ =,/12? +(-5 2= [144+25 =13, nonyymm
- 12 -5
e=(ege, )= —i—|.
() =(3553)
Torga npowusBoaHaa QYHKUUMK z(x,y) =y? +x%y-xy?-5x-4y B TOuKe

M(-1;2) B HanpaBreHuy BekTopa € = (%-%) paBHa

!
Zg

, , .12 5
(1:2) T %x (_1;2)-ex+zy‘(_1;2)-ey—-13._+13-(_§j‘-17_

13
Omeem: z;

12 =17

Ne5. VccrnenoBaTh yHKUMIO Z(X,Y) = 2X3= 12xy + 3y? - 18x - By + 3 Ha aKc-
TpEeMyM.

PeweHue

OKCTPEMYMbI (PYHKLMM
z(x,y) = 2x>212xy + 3y? - 18x - By + 3
AOMKHbI YAOBNETBOPSATL CUCTEME

z, =0
z,=0

Torga, BbluMCNAs YaCTHbIe NPOM3BOAHbIE PYHKLIMM NEPBOro nopsaka:

7, =(2x® - 12xy #8y? 48x -6y +3) =2(x*) -12(x), y+0-18(x), -0+0=
=2.3x2-12-1-y-18-1=6x2-12y-18,
z, =(2x3-12xy+3y2-18x-6y+3)y =o-12x(y)’y+3(y2)
=-12x-1+3-2y-6-1=-12x+6y-6,
6x%-12y-18=0, x2-2y-3=0,
nnn
-12x+06y-6=0, -2x+y-1=0.
Pelwaa nocnegHwo cMcteMy MeToLoM NOACTAaHOBKMU, NMOMAYyYUM
x2-2(2x+1)-3=0, x?-4x-5=0,
nIn
y=2x+1, y=2x+1.

npmnxoamm K cucteme {

15



OTkyna

_42\(-4)-4-(-5) _4+16+20 _4+/36 _4%6

X

2 2 2 2
4-6 4+6
X=——=-1, X= =9,
CnepoBaTernbHoO, 2 nnm 2
=2-(-1)+1=-1, y=2-5+1=11.

Takum o6pasom, Toukn M, (-1;-1) u M, (5;11) — KPUTUHECKNETOUKI PyHK-

Lmn.
BbIunCnMM YacTHbIe NPOU3BOAHBIE BTOPOTro nopsaka pyHkLmn z(X,y):

25, = (2;), = (6x2-12y-18) =6(x?) -0-0=6.2x=12x,

x)
y=(z), = (6x 12y - 18) =0-12(y), -0=-12. 112
=(z) =

z;y =(z'y)y=(-12x+6y-6)y =0+6(y),-0=6-1=6.

3ameTunm, 4To OnA CMelWaHHbIX YaCTHbIX, MPON3BOAHbLIX BTOPOro rnopsagka

14 14 " — ”n
Zyy» Zyx BbIMOMHAETCS COOTHOLIEHUE Zy) =2,

Bbiyucnvum on peoennternb:
/4 "
Zyx ny

" 14
yx  Zyy

Toraa B Touke M, (-1;-1) onpenenutens paBeH
A(My)=72-(-1)-144=-216 <0,

-12x+6y-6) =-12(x) +0-0=-12.15-12,

=1, = Z3y Zyy - Zyy  Zix =12%-6-(-12)-(-12) = 72x -144.

a B Touke M, (5;11):
A(M2)=72-5-144=360-144=216>0.
Tak kak A(M,)>0, 10 B Touke M, (pyHKUMSt fOCTUraeT aKCTpeMyma.
YunTbiBasy Ytonzy, (M, ) =zy, (5;11)=12x‘M2=12-5=60>0, TO B Touke M,

PYHKUMS MMEET MUHUMYM.
3ameTum, MTO ecnv B Kputuyeckon Todke M BbinonHsetca A(M)>0 wu

z5, (M)<0, TOo B 3TOM TOYKE PYHKLNSA UMEET MAKCUMYM.
BbIMMCIIMM 3HaYeHVe tyHKLMM B Touke M, (5;11):

z(My)=2(5:11) = 2x° - 12xy +3y? - 18x - 6y +3|, =
=2.5%-12.5.11+3.11%2-18.5-6-11+3=250-660+363-90-66 +3 =-200.
Omeem: z,, (x;y)=2(5;11)=-200.

16



Ne6. /cnonb3ys mMeTo HanMeHbLUMX KBagpaToB, HAaWUTU JIMHEWHYK 3aBUCK-
MOCTb MEXAy X W Y MO AaHHbIM, NpuBeAeHHbIM B Tabnuue. Caoenatb YepTex.

PeweHue
cxoaHble gaHHble NpeacTaBrieHbl B Tabnuue:
lil1[2][3]4]5]6]7][8]9[10]
Xi|4]|-3|-2|1]0 (1|2 ]3| 4]5
Yi1-10|-9| -5 |-5|-2]-9| 2 |3|6 |9

MapameTpbl (a) u (b) nuHeitHoit 3aBrcUMOCTK y = ax + by 'onpegenuwm, pe-
LLas CUCTEMY YpaBHEHUM:

n n n
ZX/? 'a+[zxi]'bzzxiyh
i=1 i=1

=1

ix, -a+n-b=iy,.

i=1 i=1

-~

j X; Y X | Xy
1 -4 -10 16 40
2 -3 -9 9 27
3 -2 -5 4 10
4 -1 -5 1 5
5 0 -2 0 0
6 1 -9 1 -9
7 2 2 4 4
8 3 3 9 9
9 4 6 16 24
10 5 9 25 45
> 5 -20 85 155

Torpa

n=10, Zx =85 Zn: Zn: y,-=155,zn:y,-=-20.
i=1 i=1

i=1 i=1

Pelwwaem cucremy
{85a+5b=155, {17a+b=31,
nnu

5a+10b =-20, a+2b=-4,

ncnonb3ys, Hanpumep, npasuno Kpamepa:

A=‘17 ; =17-2-1.1=34-1=33,

17



31 1
A1=‘ ‘=31-2-1-(-4)=62+4=66,
-4 2
17 31
A2=‘1 4‘=17-(-4)-31-1=-68-31=-99.
Torpa
_A,_66_
A 33 ’
_Bp 99
A 33

CnepoBaTenbHO, ypaBHeHMe Y =2x-3 onpegensieT ‘AUMHEenHyl 3aBuUCK-
MOCTb MEXay X U Y.
B cucteme koopauHaT nsobpaxaem Touku (X;,y;)eu npamyo y=2x-3

(c™m. puc.).
Y4

>

y=2x-3

= N O pO1TON 00O ©

-44:3 2 u

v

VI PelneHne npakTMyeckux sagaHum no teme:
«AHTerpanbHoe ucumucrieHme»

Ne1. Hantn HeonpegeneHHble MHTerparnoi:

3-4x dx xdx e2Xdx
a e dx ; 6 J-— ; B I— , I .
) I ) 36 - 25x2 ) 3 -5x2 ") 3-e

18



PeweHue
a) YuutbiBas, 4To

d(3-4x)= (3-4x)'dx =(0-4-1)dx =-4dx unm dx = -%d(3-4x),

Mony4nm
Ie3'4xdx= Ie3'4x -(-%}d@ -4x) = -%J‘e“" d(3-4x)= -% e+ C.

Omeem: -% ™+ C,

6) BbluncneHna ocHoBaHbl HA UCNOMB30BAHUM O4HOrO U3(TabNUYHbIX UHTE-
rpanos'

1. I =—I -3 +C,a=0; Z.I 5 2=1arctg§+C,a¢O;
x2 -a X+a a‘+x° a a
4,
3. J —arcsm +C a=0;
Ja? - x2 jJiL IAlx +N/x2+b|+C, b= 0.
X- +
Tak, Hanpumep:
.0
1-[ dx zz'[ dx 36 __i d—xzz_i. 16|n 56+C=
25 5 5 5
=_i| 5x-6 +C;
60 |5x+6
dx dx 1 dx 1 1 X
2._[ =I = | ———=—.—arctg=+C=
36 + 25x7 36 (o) 254 (g 25 6096
2 5 5 5
=i-§arctg5—X+C=iarctg—+C,
25.6 6 30
3 I dx =J. dx =1 L=—arcsin€ C=
36 - 25%° 36 o) °J |V ©
25 = _ _X 5
25 5
=1arcsin—X+C
5 6
Mttt e oo
B5itas6 T fos{xta30] 07 s

+C.

= gln‘Sx + \/25x + 36

19



B) /lcnonb3yem MeTon NoLCTaHOBKM (3aMeHbl MEPEMEHHOMN).

t=3-5x°
, dt
_[XdX2=dt=d(3-5x2)=(3-5x2)dx=-10xdx _[10 S S
3-5x 10 t
xdx=-idt
10

= Linjf+C = -iln‘3-5x2‘ +C.
10 10
Omeem: -%In‘B - 5x2‘ +C.
r) Vicnonbsyem meTof NoACTaHOBKM (3aMeHbl NepeMeHHOM).

t=3-e% 1
—dt

J-:fxedz))((z dt=d(3_e2x)=(3_e2x)'dx=_262xdx £ '2T=_% it

e2*dx = -t
2

= -1|n\t\ +C= -1In‘3- eZ|+C.
2 2

Omeem: -1In‘3- e?|+C.

Ne2. Hantn HeonpefeneHHble HTerpansi:
X
a) | ——=dx ; 0 J‘x\/8x+3dx.
IR )

PeweHue
cnonb3yem MeToa-ROACTaHOBKM (3aMeHbl NepeMeHHON).

a)
Tx=-2'=t 7x-2 =1

2 2
.[ X gxlix=t2en x=t2| (2 12
7x -2 7 7t 7

2
ax=d| 2|2ty
7 7

dt——J. +2

2 (3 2 5 4 2 3 4
= —+2t[+C=—"t3+ —t+C=—"(7x-2) +—7x-2+C.
49( J 3.-49 49 147( ) 49

20



J8x+3 =t, 8x+3 =t
2 2
G)Ix\/8x+3dx=8x=t2-3, x=t 3, =J.t 3-t-idt=
8 8 4
2
dx=d| T3 = 2gi= Ly
8 8 4
=ij(t2-3)t2dt=ij(t4-3t2)dt=i.t4dt-ijt2dt=
32 32 32. 32
1t 3 ¢ 1 5 1 3
_______ —+C= V8x+3) -—(+v8x+3 )t C.
32 5 32 3 160( ) 32( )
Ne3. HanTtn HeonpeneneHHbIN HTErpann:
J.xe'3xdx.
PeweHue

3ameTuMm, 4To d(e'3x) = (e'3x)dx = -3¢ ¥dxOTkyna e **dx = -%d(e'”).

-3x — 1 -3X | = 1 -3x
Torpa Ixe dx—jx-(-g d(e )—-S-de(e )
[anee, Ncnonb3ys doopmyay WHTErpUpoBaHnNA no yacTam

Ivdu=vu-J.udv, roe v=x,a u=e'3x, nonyymm

-1-IXd(e_3X) — -1-(Xe'3X _J'e—3x dX) — _1xe—3x +1J.e—3x dx .
3 3 3 3
YunTbiBas, yto e Fdx= -%d(e'“), MMeeM

Je'3x dx = -1Id(e'3x) = Jgdxy C,.
3 3
Taknm obpasom;

Jxe'3x dx = -1xe'3x s 1 -1e'3x +C= -1xe'3x -1-e'3x +C.
3 3 3 3 9

Omeem: -1xe'3x -1-e'3x +C.
3 9

Ne4. Hantn HeonpeaeneHHbIn nHTerpan
J' 3x +2

——————dx
x“-8x+20

21



PeweHue
Bbluncnaem nHTerpan ot npoctenwen pauuoHansHon apobu Buaa
Mx +N
x2 +px+q

2

roe %- g <0 wu 3HameHaTenb Apobun npeacrtaBnseTcsa B BUAe

2 2 2 2
2 2 P p P P p
XT+pX+q=xX"+2x-—+| = | -| = | +qQ=|x+=| +q-4 = | .

Sk 2@ (2] q( 2] qizj
3x+2 3x+2

jz—dx=j 2 2 42 dx =

x°-8x+25 X“-2-Xx-4+4°-4°+25

3x+2 3x+2 3(x=4+4)+2
x= [ 2= [Blant
J(x*-2-x-4+4%)-16+25 (x-4)°+9 (x-4)"+9

_ ~3(x-4)+12+2dx=j3(x-4)+14dxzj[ 3(x44) 1, " 14 de:
( *+9

(x-4)*+9 (x-4)*+9 x-4)°¥9 (x-4)

= ‘de+j(1—4+9dx 3_“&”4]‘%:

dx =

I (x-4)*+9 x-4)° 4)"+9 x-4)" +9
=§J‘2(x-4)dx+14j‘ dx _3 d(x-4)° "'14_“ dx  _
2 ? (x- 4)2+32 2J (x-4Y +9 (x-4) +32

ol 14!
2 (x-4)°+9 +32
YuuTtbiBas, 4TO I——In\ |+C I 5 1arctgt+C Nony4nm
a’+t? a
jzs)(—+2dx=§ln‘(x—4) +9‘+14-—arctg 4+C=
X“-8x+25 2 3 3

=§In(x2 -8x+25)+Earctgx_4 +C.
2 3 3

Omeem: %In(x2 -8x + 25) + %arotg X4, c.

Ne5. Hantn HeonpegeneHHbIn nHTerpan
J- 3x?-17x +2

N (x+2)(x+3)
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PeweHue
[MpeaocraBum noablHTErpanbHyO (YHKUMIO B BUOE CYMMbl MPOCTEMLLINX
apoben:
3x2-17x+2 A B C
= + + :
(x-1)(x+2)(x+3) x-1 x+2 x+3
[MpBeaém npaByto YacTb NocrnegHero paBeHCcTBa K obLemMy 3HameHaTernto
N, NPUPaBHAB YnCnUTENn apoben, NonyyYnm ToX4eCTBO:
3X? -17x+2=A(x+2)(x+3)+ B(x = 1)(x+3)+C(x - 1)(x +2).
Hanpém koadduumentol A, B, C.
[Mpun x =-3 koapdpunumeHTbl A 1 B B npaBon 4acTu nocreAHero paBeHcTea
obpaluatoTcs B Hynb. MNonyyaem:

3-(-3)°-17-(-3)+2=C(-3-1)(-3+2) = 80=4C = C=20.

Mpun x =-2 koaddpuumneHTol A n C B npaBon Yactu paBeHCTBa obpallatoT-
cA B Hynb. [Nony4aem:

3.(-2)%-17-(2)+2=B(-2-1)(-2+3) = 48 %8B = B=-16.

Mpun x =1 koacpdpurumneHTsbl B 1 C B NpaBon YacTu paBeHCTBa obpallatoTcs
B HyJb. [Nony4yaem:

3-2-17-1+2=A(1+2)(143) = -12=124 = A=-1.

[MogcTtaBmB HanOEHHbIE KO MPUUMEHTLI B pa3fioXeHne noabliHTerpanbHoOm
JOYHKUMM Ha npocTenume pobu, Noaysum:

3x% -17x+2 14, . -16 20 dx dx
I dx=j + + dx=—j——16f +
(x-1)(x+2)(x+3) X—10x+2 x+3 X —1 X+2

d (x+3)%
+20J- X =—In|x —1-16In|x.+ 2| + 20In|x + 3|+ C =In = +C.
X+3 (x=1)(x+2)
20
Omeem: In (X+3) 5 +C.
(x = 1)(x+2)
Ne6. Hantu maoWwanb dourypel, orpaHu4eHHou napabonon

f(x) = -x2 + 2%+ 5 ¥ npsiMoit g(x) = - + 1
v4 PeweHue

Ctpoum rpadmkn dpyHkumim f(x) n g(x).

[ns HaxoXaoeHna Todek nepecedveHuns rpadu-
koB pyHKkuum f(x) n g(x), pewaem ypaBHeHUE
f(x)=g(x), T.e.

X2 +2X+5=-x+1.

X OTkyna

x%-3x-4=0.
KopHAMM ypaBHEHUA ABASIOTCA 3HAYEHUS:
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T.e. x1=3—25=-1 n x2=%=4.

3HayeHns dyHkumn f(x) u g(x) B atmx Toukax f(-1)=g(-1)=2 wu
f(4)=g(4)=-3. Takum obpasom (-1;2) n (4;-3) — TOuKN nepeceyeHns rpa-
JoMKOB (PYHKLMNA.

2
Mnowaae durypsl onpegensem no dopmyne: S = j (f(x)=g(x))dx, rae x,
X4
N X, — pewleHmns ypasHenumsa f(x) = g(x).
Torpa

S= }(f(x)-g(x))dx = }(-x2 +2x+5-(-x+1))dx = ]E(-x2 +2x+5+x-1)dx =
-1 -1 -1

3 2 4

=i(-x2 +3x+4)dx=[-%+3-%+4xj

1

+3. _+4-4j-(-(';) +3-(';) +4-(-1)]=

43
3
B VT B B P T S R VR B
3 3 2 3 3 2 3 2

—44-212 11200 2 Voo T o902
3 6

2 3 12 6

Omeem: 20%

VIl PewleHne npakTMyeckux sagaHumn no teme:
«AnddepeHumanbHble ypaBHEHUA»

Ne1. HantnobLee pelueHne anddepeHLmanbHOro ypaBHeEHUS:
a) sin®3x-dy +3ydx =0.

PeweHue
WcxoaHoe ypaBHeHue saBrnisetca auddepeHunanbHbIM ypaBHEHUEM Nep-
BOro nopsaka ¢ pasgenaowmnmMmnca nepeMeHHbIMAN.
3ameTum, 4yto y =0 aBnsaeTcss O4HUM U3 peLleHnn ncxogHoro anddepen-
LManbHOro ypaBHEHUA.
Pa3genss nepeMeHHble, Meem
dy  3dx T dy _ d(3x)

y  sin?3x y  sin3x
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VIHTerpupys nocrneaHee ypasHeHWe, Nony4mum
J'd_y = -I ‘?(2") +C v In|y| = ctg3x + C.
y sin“3x
9 *C yrm y=+eC.e

ctg3x

Otkyma, |y|=e Torna, nonaras C,=ze°

(C;#0) u yuntbiBas, 4To y=0 Takke SBMSIETCS PELUEHUEM WCXOLHOIO
ypaBHeHusi, nonyuum y =C,e"%* (C,eR) - obliee pelieHre_ypaBHEHMS
sin?3x - dy + 3ydx = 0.

Omeem: y = C,e”9, (C, eR).

0) (3x2+2)y'-6yx=0.

PeweHue
NcxogHoe ypaBHeHue saBnsgetcs AndpdepeHumarnbHbIM ypaBHEHUEM Nep-
BOro nopsigka c pasgensowmnmMmmnca nepeMeHHbIMAN.

d
YuutbiBasg, 4to y' = d—y nonyyYmMm ypaBHeHuE
X

(3x2 +2)j—i-6yx =0 nnu (3x2 +2)dy =06y xdx.

3ameTum, yto y =0 sBnaeTca OgHMM U3 peLleHnn NcxoaHoro auddepeH-

LManbHOro ypaBHEHMS.
Pasgenss nepemeHHble, UMeeMm
dy=" 6xdx

y  3x2+2 '
NHTerpupysi nocnegHee ypaBHeHMe, nonquM

j dy j dx +C.
3x% +2
YuutbiBas, 4To

d(3x2 + 2) = (3x? + 2) dx = (6x + 0)dx = 6xx,

dy 3X +2
I .[ 3x2 +2

Otkyma, nonarast C =InC, (C, >0), nonyunm

nveem

In|y| =In‘3x2 +2‘ +InC;.

Mcnonb3ya cBoncTBa fiorapudmMoB, MPUXOANUM K YpaBHEHUIO
Inly| =InCy[3x* +2|.
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OTkyna
ly|=C, ‘3x2 + 2‘ nmm y = +C, (3x2 + 2).
Torpa, nonarasi C, =+C, (C, #0) n yuutbiBas, 4to y =0 Takke siBMsieTCS
peLleHnemM NCXOAHOro ypaBHEHUA, Nony4mm

y=C,(3x° +2), (C, eR),
ofLLee pelLeHne ypaBHEHNS (3x2 + 2)y’ -6yx=0.
Omeem: y = C,(3x? +2).
Ne2. Hantn yacTHoe pelueHne anddepeHumanbHOro ypaBHeHUS:
y -gy 2e%*?x°, y(-1)=3.

PeweHue
NcxogHoe ypaBHeHWe ABMSeTCs NIMHENHbIM HEOAHOPOAHbIM AnddepeH-
UnanbHbIM ypaBHeHWeM nepBoro nopsgka suaa: y' +p(X)y.=q(x). Hangem
obLee pelleHne gudpdepeHunansHoOro ypaBHeHUsS MeTogom bepHynnu.
PeweHne ypaBHeHust Byaem nckatb B BUge: y =uv.. Tak Kak y' =u'v+uv’,
TO, NOACTaBNAs ¥y U y' B UCXOL4HOE ypaBHEHME, HONYYnUM

(uv+uv')- S, uv=2e2+2x8

X
[pynnupys BTOpoe 1 TpeTbe craraemoe B NeBOK YacTu nocneaHero ypas-

HEHUA, nMeeM

6
u'v + u(v' Do vif= 20126
X

- . 6 6
Hangem ogHO 13 HeHyneBbIX,peLleHn ypaBHeHna v -—v =0 nnm v' = —v,
X X

KOTOpOe SIBNSeTCS YypaBHEHMEM C pasfensowmMmucs nepeMeHHbIMN. YUYnTbl-
dv dv 6
Basl, YTO V' = —, UMEEM.—— = —V W, pasgenss nepemMeHHble, NosyyYnum

dx dx x
dv 6dx

\' X

NHTerpmnpys. nocnegHee ypaBHeHUE, UMEEM av 6j—+C OTtkyaa, no-

narag_C{=InG; (C,>0), nonyunm In|v| = 6In|x] +InC1 W, UCMONb3ysl CBOCTBA

NOrapyUchbMoB, NpUXoANM K ypaBHeHuto In|v|=In x\6 +InC, vnm Inlv| =InC1\x\6.
OTkyaa |v| = C, \x\6 mnm v = £C,x°

Torpa, nonarasi C, =+C, (C, #0) n yuuTbiBas, 4to v =0 Takke siBMsSieTCS

peLleHnemM ypaBHeHus v’-gv =0, nonyunm v = C,x° (C, eR) — obuyee pe-
X

6
LUeHne ypaBHeHnsa v' -—v =0.

X
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B kauecTBe OAHOMO U3 HEHYNEBbIX PelleHWii Bo3bMeM Hanpumep Vv = x°,

nonaraa C, =1.

6
YunteiBas, 4to v/ -—v =0 1 noactasnss v =x° B ypaBHeHne
X

6
u'v + u(v’ - v | =268,
X

nonyuum U’ -x° =2e**2x® ynu u' =2e%*?— HenonHoe AnddepeHiansHoe
ypaBHeHWe nepsoro nopsigka smaa: u' = f(x).
OTkyna

u= J‘Zez”zdx +C.
YuuntbiBaga d(2x + 2) = (2x + 2)'dx = 2dx, umeem
u= J.e2X+2d(2x +2)+C=e*?+C.

Takum o6pasom, y =uv = (e2"+2 +C)x6 — obLee pelieHne auddepeHLn-

anbHOro ypaBHEHWUS.
Hangem 4acTtHoe pellueHue, yaooBrieTBopsiollee HayvanbHOMY YCIOBUKO

y(-1)=3. Moacraenss, x=-1u y=3 B ypaBHeH/e y=(e2"+2 +C)x6, nony-
unm: 3 = (e2('1)+2 +C)(-1)6 nm 3=1+Cwu C=2.

CriefoBaTenbHo, y=(e2"+2 +2)x6 —4acTHOE pELLEHNE WCXOOHOTO And-

(bepeHLManbHOro  ypaBHeHus, | yNoBneTBopsiiollee HavanbHOMY YCrOBMIO
y(-1)=3.

Omeem: y = (e2X+2 + 2)x6.

Ne3. Hantun obLuee pelueHne anddepeHLmanbHOro ypaBHeEHUS:
a) y'-2y+=35y=0;6) y"+12y'+36y=0; B) y"+ 06y + 25y =0.

PeweHue.
a) PeulM xapaktepuctuyeckoe ypasHeHne A% -2A-35=0, npoussoas B
ypasHeHUn y/- 2y’ - 35y =0 3ameHy y" =N, y=AN"=A ny=A° =1.
Torpa

(2)£4(-2)° -4-1(35) _ 2444140 _2£144 _ 2112

)\ =
1.2 2.1 2 2 2

OTkyna
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Ecnu xapakmepucmu4eckoe ypasHeHUe umMeem 0ea pa3JluvHbIx Oel-
cmeumersbHbIX KOPHSI A, u A,, mo obujee peweHue coomeemcmaeyio-

we20 O0OHOPOOHO20 OughghepeHyuaslbHO20 ypaeHeHUsi 8mopo20 I1o-
psiOKka ¢ NOCMOSIHHbIMU KO3ghghuyueHmamu umeem euod

— )\1 X )\2 X
y=C,e"" +C,e™?",
CneposartenbHo, y = C,e™ + C,e’ — oblLuee peLLeHie MCXOOHOro YpaBHeHWs.
Omeem: y=C.e™ +C,e’.

6) Pelunm xapakrepuctnyeckoe ypaBHeHME A2 +12A +36 =0, npoussoas B
ypaBHeHun y"+12y'+ 36y =0 3ameHy y" = A2, y'= N=Au y= A =1
Torpa

A= -121\/122-4-1-36 _-12+£y144-144 _ -12%0 _-12+0
s 2.1 2 2 2
OTkyma A=A\, =-6.
Ecnu xapakmepucmu4yeckoe ypasHeHue umeem Oea paeHbIx Oel-
cmeumersnbHbIX KOPHSI Ay = A, = N (KpamHbIU KOpeHb), mo obujee pewe-

Hue coomeemcmeayru,eco 0OHOPOOHo20 dughepeHyuaslbHO20 ypae-
HeHuUsi emoOpPo20 NopsioOka ¢ NOCMOSIHHbIMU KO3ghchuyueHmamu umeem
eud

y = (C4+Cyx)e>.
CnepoBartenbHo, y =(C, +C2x)e'6" < obliee pelleHne WCXOOHOro ypas-

HEHUSI.
Omeem: y = (C, +C,x)e®X,

B) Pelwunm xapaktepueTnyeckoe ypaBHeHUe A +6A+25=0, npon3soaqa B
ypaBHeHUn y" + By’ +25y.=0 3ameHy y' =A%, y'=N'=A ny=A% =1.

Torpa
_ 6++6°-4:1.25 _ -6++/36-100 _ -6 £ +/-64 _-6%8i
2-1 2 2 2
Otkyna A =-3-4i n A\, =-3+4i, T.e. KOPHN XapaKTEPUCTUYECKOro ypas-
HEHUS UMETBNA A, , = axBi,roe a=-3, B=4.
Ecrsiu xapakmepucmu4yecKkoe ypaeHeHuUe umeem 0ea COrNPsiKeHHbIX
KOMIMJIeKCHbIX KOPHSI A, =a-Bi u A, =a+ i, mo obwee peweHue co-

omeemcmeyruje2co0 0OHOPOOHO20 JduchpepeHyuasibHO20 ypaeHEHUSs
8mopo20o rnopsidka ¢ MOCMOSIHHbIMU KO3ghhuyueHmamu umeem 8ud

y =e“*(C,sinfx + C,cospx).

=-3+4i.

)\1 2

CnepoBaterbHo, y = €™ (Csindx + C,cos4x) — obLuee peLueHie NCXO[HO-
ro ypaBHeHusI.
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Omeem: y = e*(C,sin4x + C,cos4x).
Ne4. Hantun obLuee pelueHne andpdepeHLmanbHOro ypaBHeEHUS:
y"+3y'- 4y = -4x? - 6x +19.
PeweHue

NcxooHoe ypaBHeHMe 4ABnseTcda HeoaHopoAHbIM  AuddepeHunanbHbIM
ypaBHEHMEM BTOPOro nopsigka ¢ NoCToSAHHbIMU KO3dhpuumeHTammn 1 npaBown

yacTbto Buaa: P,(x)e™, roe a=0, P,(x)= -4x% -6x +19 — MHOrQYReH. cTene-
HU N=2.

Ob6wee peweHne anddepeHUManbLHOrO YpaBHEHUS WUMeeT  BUA:
Y=Y, +Yy, TAE Yy, — Obllee pelueHne ofHOpPOoAHOro AnddepeHumnansHoro
ypaBHeHus y"+3y'-4y =0, a y, — yacTHoe peLueHne HeOJHOPOAHOro And-
doepeHumanbHOro ypaBHeHUS.

Pewnm xapaktepuctunyeckoe ypaBHeHUE A2 #37\°4=0, npon3soasd B
ypaBHeHun Yy + 3y’ -4y =0 3ameny y" =A%, y' =K' = Xy =A% =1.

Torpa
)\12='3i\/32'4‘1‘('4) ='3im=-3i@=-3i5.
’ 2-1 2 2 2
OTkyna )\1=£=—8—-4 )\2—#=§—1

Ecnu xapakmepucmu4eckoe ypasHeHuUe umeem 0ea pa3JluvHbIx Oel-
cmeumersbHbIX KOPHSI A\, U Ay;moiobujee peweHue coomeemcmaeyio-

we20 O0OHOPOOHO20 OughghepeHyuaslbHO20 ypPaeHeHUsi 8mopo20 Io-
psiOka ¢ MOCMOSsIHHbIMU KO3ghgpuyueHmamu umeem aud

y=C.eM* +C,e*.

CrenoBatenbHo, Yy, =C,e™ +C,e* — obllee pelueHne OAHOPOAHOIO
AndepeHumansHOrO ypaBHEHUS BTOPOro nopsagka C MOCTOAHHbIMU KO3(d-
duumneHTamm y" + 3y’ -4y.=0.

Hangem 4yacTHoe pelueHne ncxogHoro anddepeHumansHoro ypaBHeHNS,
KoTopoe OyaeMi\OoTbICKMBaTL B BUAE: Y, = Ax? +Bx+C, TaKk kak a=0 He gaB-
NAeTcA KOpHeM XapaKTepuUCTUYEeCcKOro ypaBHeHus. Tak kKak y;=2Ax+B u
y1=2A ,ToynoAcraBnsasa yi, Y7, Y, B UCXOAHOE ypaBHEHME, NOMyYnMm:

2A +3(2Ax +B)-4( AX? +Bx + C) = -4x” - 6x + 19

nin
-4AX* +(6A - 4B)x +(2A +3B- 4C) = -4x* - 6x +19.

OTkyna
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-4A =-4, A=1,
6A-4B=-6, n-<B=3,
2A+3B-4C =19, C=-2.
CnepoBaTernbHoO,
y; = Ax? +Bx+C=x? +3x - 2
— YacTHoe peLlleHne NcxogHoro andpdepeHunanbHoOro ypaBHEHUS.
Taknm obpasowm,
Y=Yy +y;=Ce¥ +Cre* +x?+3x-2
— obuwee peweHne guddepeHUnanbHOro ypaBHeEHS.
Omeem: y=C.e™* +C,e* +x%+3x-2.

Ne5. Hantun obLuee pelueHne andpdepeHLmanbHOro ypasHeRUs:
y"+ 10y’ + 25y = 6e™X .

PeweHue
McxooHoe ypaBHeHue 4BngeTcd Heo4HOopOoOHbIMY audpdepeHunanbHbIM
ypaBHEHMEM BTOPOro nopsigka ¢ NocToSHHLIMI, KO3dhpuumeHTaMmmn 1 npaBown

yacTbto Buga: P (x)e™, roe a=-5, P,(x) = 6% MHOrouneH creneHn n=0.

Obwee peweHne anddepeHUMansHEIO  YpaBHEHUS UMeeT  BuUA:
Y=Y, +Yy, TAE Yy, — obLllee pelueHne oAHOPOoAHOro AnddepeHumnansHoro
ypaBHeHus y"+10y'+25y=0, a y, — obliee pelleHne HEeOAHOPOOHOro
andpdepeHumansLHOroO ypaBHEHNS:

Pelunm xapakTepuctuyeckoe ypaBHeHune A2 +10A+25=0, npoussoas B
ypaBHeHUM y" + 10y’ + 25y = 0.3amefy y" =A%, y'=N'=A ny=A% =1.

Torpa

_ -10i\/102-4-1-25 _ -10++/100-100 _ -10++/0 _-10%0
2-1 2 2 2
Otkynoa A=A, =-5.
Ecnu xapakmepucmu4eckoe ypasHeHue umeem d0ea paeHbix Oel-
cmeumernbHBIX KOpHS1 Ay = A, =\ (KpamHbIii KOpeHb), mo obuwiee peuwe-

Hue coomeemcmeyru,e2o 00HOPOOHO20 dughhepeHyuarbHO20 ypae-
HeHus1 amMopo20 nopsioka ¢ NMOCMOSIHHbIMU KO3ghghuyueHmamu umeem
eud

)\1,2

y =(C,+C,x)eM*.
CnepoBaTernbHO, y=(C1+C2x)e'5X — oblwee pelleHne OOHOPOMHOro

AndpdoepeHumarnbHOro ypaBHeEHNA BTOPOro nopsagka C NOCTOAHHBLIMU KO-
duumeHtamm y" +10y’ + 25y = 0.

3amemumM, Ymo ecnu xapakmepucmu4yeckoe ypaeHeHue umeem 0dega
pasnuyHbix delicmeumersibHbIX KOPHS Ay u A,, mo obwee peweHue co-

omeemcmeyru,e2co0 0OHOPOOHO20 JdughghepeHyuasibHO20 YpPaeHEHUSs
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8mopo20 rnopsidka ¢ NMOCMOSTHHbIMU KO3ghghuyueHmamu umeem 8ud
y=C.eM* +C,e*.
Hangem 4acTtHoe pewleHne ucxogHoro anddepeHumansHOro ypaBHeHus,
koTopoe Byaem uckatb B Buge: y, = Ae™* - x? = Ax’e™*, Tak kak a =-5 sBna-

€TCH KpaTHbIM KOPHEM XapaKTEPUCTUYECKOrO YpaBHEHUSI.

3ameTuMm, 4YTO ecnn a sBNsSieTCd OOHUM U3 OEUCTBUTENbHbIX KOPHEN Xa-
PaKTEPUCTMYECKOrO YpaBHEHUS, TO YaCTHOe pelleHne MUCXogHoro audpde-
peHunanbHOro ypaBHeHUs UMEET BUA:

y, = Ae® . x" = Axe®*.
Tak kak

Vi = A(x2) @5 + Ax2(e5%) = A(2x)-e® + Ax? - (-56 | 2 A(2x - 5x%) - e
n

!

y) = A(2x - 5x2) e + A(2x - 5x2)(e'5X )l =A(2-10x)e> + A(2x - 5x2)(-56'sx) =
= A(2-10x)e5* + A(-10x + 25x )" &% = A(2-20x +25x% )&,

TO, NOACTaBNAA Y7, Yq, Y, B uCxogHoe ypaBHeHue y” +10y’' + 25y = 6e™>X, no-
Ny4YnMm:
A(2 - 20x + 25x2) e +10. A(2x . 5x2)e'5x + 25 Ax2e %% = e ™
nnn
A(2 - 20x + 25x2 + 20x - 50x2 + 25x2)e'5x =6, 1. 6. 2Ae™™ = 6.

Otkyga 2A=6,T.e. A=3.
CnepoBaTernbHoO,

Vo= AXZe-Sx - 3X26-5x
— YacCTHOe peLleHne NCXOAHOoro AnddepeHLmarnbHOro ypaBHeHUS.
Takum obpasom,
Y2y Y, =(Cy+Cox)e™ +3x%e™
— obuwee peweHne.guddepeHLnanbHOroO ypaBHEHS.
Omeem: y =y +y;=(C, +C,x)e™ +3x%e™*.

Ne6. Hantih obLiee pelueHne cuctemol andrdepeHumnarnbHbiX YpaBHEHUN:

X'=X-Y,
y' =-4x+y.
PeweHue
AngpdepeHumnpyem nepsoe ypaBHEHNE CUCTEMDI:
Xﬂ — XI _ yl .
3aMeHuM B nocrnegHeM ypaBHEHUN Y e€ro BblpaXkeHMeM 13 BTOPOro ypas-
HEeHUS CUCTEMDI:
X"=X'-(-4x+y), X"=x'+4x-y.
3ameHuM B NocrnegHeM paBEHCTBE Y Ha BblpaXKeHne Yy = X - X' U3 nNepBoro

31



ypaBHEHNA CUCTEMBI:
X"=x"+4x-(x-x'), x"-2x"-3x=0.
Pewunm nocnenHee ogHopoaHoe LY, Ans 4ero coctaBMM XapaktepucTtuye-
CKOe ypaBHEHME:
A2-20-3=0.
Ero kopHn A\ =-1 )\, =3 AOencTBUTEmNbHbI N Pa3nnyHbl, NO3TOMY. obLiee
peLleHne 3anueTca B BUAE:

x=Ce ' +Cue’.
A depeHumnpya aTo ypaBHeHue Mo t, nony4ymm:
x'=-Ce' +3C,e*.
Haxooum y 13 ypaBHEHUs1 y = X - X':

y=Ce ' +Ce®- (-C1e‘t + 3Cze3t) =2C,e ' —2C,e™
x=Ce'+C,e¥,
y=2C,e "’ -2C,e’.

Omeem:

Vill PeweHne npakTnyecknx.3agaHum no teme:
«Yuncnosble U PyHKUNOHANbHbIE PAAbI»

Ne1. MiccnepoBaTb CX0QMMOCTb psiga:
o0
n+5

- n®+3n-2
n=1

PelwueHue
Bocnonb3yemcs npMsHakoM CpaBHEHUA.

o0
Obwmin YneH ncxoaHore psiaa Z a,:
n=1
n+5

a,=————.
n
n®+3n-2

n+5 n
3

YuutbiBas, 4to Ana 0onblUMX 3HAYEHUN N: ———— -~
n°+3n-2 n n

o0
y y 1
HWUM WUCXOOHbLIN PAA C PAOOM E b,,, 0OLLMI YneH koToporo paBeH b, = —-.

= n
n=1
Boluncnnm npegen:
n’ N 5n2
. a, _ . n+5 n?_  n®+5n? , n n
im 2= |im - " lim - == lim 3 =
n—>+oobn n>+on®+3n-2 1 no+on®+3n-2 noton +3n 2
n® n® nd
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5 5
1+ — 1+ lim —
; n n—+ow N 1+0
= lim 3 5 3 5= =1+0.
S L2 qx im - lim 5 140-0
n N n—>+00n n—>+oon

Tak kak 3HadeHue npefena He paBHo 0, To oba psAaa ABNATCA CXOAALU-
MUCS NN PaCXOAALLNMUCS.

o0
. y 1
3ameTum, 4YTO 0606WEHHbIU 2apMOHuU4YecKull psio E —5 fAensiemcs

n=1 n

cxodsiwumcsi, ecnu a>1 u pacxodumcs, ecau a<1.

o0 o0 1 5

Tak kak psg an =Z—2 cxoauTces (0( =2> 1) , TO N UICXOOHbIN P CXOOAMTCS.
n=1 n=1 n

Omeem: psg cxoguTcs.

Ne2. ViccnepoBaTb CX0QMMOCTb psiaa:

= (n+5)-37"
23I’1-4

n=1
PeweHue

Bocnonb3yemcs npusHakom [J’Anambepa.
Onpegenum a, n a,,, YnNeHbl paga:

. = (n+5).32n+1 i a ¢ ((n+1)+5)'32(n+1)+1 _ (n+6).32n+3
n 23n—4 n+1 23(n+1)-4 23n-1 )
Bbluncnum npegen:
Ay _ . [(n+6)8H i ) (3n4.32m3 nig)
lim lim 31 2n+ im |~
ot @ N 9N (n+5)—3 n n—+o| 2301, 32n n+5
2 2 E+§ 1+ lim —
= lim 3_@=3_ lim PN =g. no+on =g.ﬂ=g>
n—>+0023 n+5 23 n—>+oon+§ 8 1+ lim § 8 1+0 8
n n n—+wo N

Pan pacxodumcsi, Tak kak 3Ha4YeHue npeaena éonblue 1.
3ameTum, YTo ecnun 3Ha4YeHue npegena MeHblle 1, To psag cxodumcs.

Omeem: psig pacxoguTcsi.

Ne3.:\MccnenoBaTb CX0QMMOCTb psiga:
11 (n+ 6)“2
— 306n-5 nn2

PeweHue

33



Bocnonb3yemcs npusHakom Kowun.

2
§ 114 (n+6)"
O6wun uneH paga a, = g n“2
Bbluncnum npegen:
6n+4 2 4
11674 (1 -+ 6)" 11 r (n+6)nn 1177 (ni 6"
i n = | n = i = i =
lim \/a lim lim 5 l
n—+o0o n—+oo 306n-5nn2 n—+o 6n-5 n° n—+o 6-§
30 " nn 30 "n?
4 -
:i“m T . n+6n: 26.—'1'_'{1]00 - lim n+6n:
30%n>+x 5 ( n 30 5 no+ol N
30" lim 30"
n—+oo
6 im % UM 6 n\?
11) o= 6)6 1) 110 g 66
= —| -——— |lim [1+— = — | ——-| limg1+— =
30 lim S notw n 30 300 n— +oo n
30n—>+oo n
6 6
=(%) -%-e6=(131—oej <1, Tak kKaKk 11e ~11.2,72 =29,92 < 30.

Pan cxodumcs, Tak Kak 3Ha4yeHUe npenena MeHoLie 1.
3ameTum, 4TO ecnu 3HauYeHunempegena donble 1, To pag pacxooumcs.

Omeem: psag cxoaunTca.

Ne4. ViccnenoBaTb CXOQMMOCTbL psiaa:

0

1 n-1 n+2 .
Z( ) n% +4n+136

n=1

PeweHue

NcxooHeiny pag siBNsieTcsl 3HakodepeaywmMmca paaom 21(4)”'1 a,, roe
n=1

n+2

anT 5 . Bocnonb3ayemca crieactemeM npusHaka JlembHuua o cxoam-
n“+4n+136

(e 0]
n-1
MOCTW TaKMX pSOOB: €CJIU Y/lIeHbl 3HaKko4Yepeodyrouje2ocsi psioa Z (-1) a,,
n=1

a,, >0, MOHOMOHHO y6bieatom (a, > a,,), Ha4YUHasi C HEKOMopPozo HoMe-
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pa ny, U cmpemMsimcsi K Hysro ( lim a, = 0) , mo psid cxodumcsi.

n—>+oo

n+2

OueBUaHO, UTO a, = — >0.
n“+4n+136
Bblumncnum npegern:
n 2 1 2 1 .2
ot ntz I n  ngn?
im a, = fim =M= fim Mo = 2 A
n—+o n—>+00n7+ﬂ+@ n_)J'OO’]+ + 1+ lim —+4lim T
2 n n n N>+ N N>+ 1y
_ 0+0 -0.
1+0+0
n+2
Takkak a, = — , TO
n“+4n+136
oo (nnr2 p+3 N9

n+1

(n+1)2+4(n+1)+136_n2+2n+1+4n+4+136_n2+6n+141'

n+2 S n+3
n° +4n+136 n?+6n+141

PeluMm HepaBeHCTBO: a, > a, ¢, T.€.

Toraa (n+2)(n*+6n+141)%(n+8)(n® +4n+136) u
nd +6n% +141n +
+2n% + 12n+ 282 > n® +4n° +136n +

+3n”+ 12n+408.
CnepoBaTernbHoO,

n3 +8n% +453n +282 > n° + 7n° + 148n+ 408 n n’> +5n-126>0.

Pasnoxum J1IEBYIKO 4aCTb HEpaBEHCTBA Ha MHOXUTENN. ,D,J'IH 3TOro pewnm

ypaBHeHue n+5n-126=0, OVUCKPUMUHAHT KOTOpPOro paBeH
D=5%-4.1-(4126) = 25 + 504 = 529 = 232,
OTkyna
n, =ﬂ=_14 mn, = -5+23 =9.
21 21

Takum 0Gpasom, (n-(-14))(n-9)=0 um (n+14)(n-9)>0 1 HepaBEHCTBO
a, > a.,, BbINOMHseTCs Ans Noboro HaTypanbHoro n>n, =9.
CnefnoBaTenbHO, UCXOAHbI Psif IBNSIETCS CXOASLLMMCS.
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Omeem: psg cxoguTcs.

Ne5. Hantn obnactb cxoanmMocTn CTENEHHOro psaa:

n=0 6n (n+2).

PeweHue

o0
- § : n
MCXOLI,HbII/I pAan ABndeTcAa cteneHHbIM paAaom sraa C,X <, roe
n=0

LI,
6" (n+2)
1 _ 1
T ((n+1)+2) 6™ (n+3)’
Bbluncnum paduyc cxodumocmu CTENEHHOrO psga:

Torpa c,,

n 3
n+1 —+—
R= lim |2 |= |im 1T 6 (n*3) 6 %im "3 -6, jim h_n_
n>+0|Cpq| no*ol B"(n+2) 1 n—>+o N+ 2 o+ N 2
n n
1+ lim 2
:6.M:6.1+0:6.
1+ lim 2 1%0

n—+o N

CrepoBatensHo, (-R,R), 1le. (+6/6) — unmepesan cxodumocmu psifa.
Ecnn, x =R =6, To nony4mm psg

X"V 6" 1
6”(n+2)_z6”(n+2) 2 ey

n=0 n=0

o0
n=0
o 1
KOTOPbIN pacxoauUTCA, Kak U rapMOHUYECKNN psf Z —
n
=1
Ecnun, x =-R =-6, To nony4nm psg

S () ( 2, ()
Ze”(n+2)_nzo 6”(n+2)_z nn+2 Zn+2

n=0 n=0 n=0

[MToflydeHHbIN pAd CXOAUTCS, KaK 3Hakodyepeaylowumcs psg 2(4)” a, ,
n=0

>0, 10

. TakKaK a, =

roe a. =
" n+2 n+2
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1
lim a, = lim =0,
N—>+00 n—>+oon+2

1 1 1 1 1 1
ap = =So7a = =5 7= ==
0+2 2 1+2 3 2+2 4
- MOHOTOHHO YyOblBatoLLLAA NOcneaoBaTeNbHOCTD.
Takum obpasom, [-6,6) — o6s1acmb cxoQuMoOcmu CTENEHHOro psaa.

Omeem: [-6,6).

Ne6. Hantn pasnoxeHune B CTEMNEHHOW psig MO CTENEHAMLX pelieHus

AnddepeHuUmanbHOro ypaBHeHUs (3anncatb TPU NEPBbIX, OTNINYHBIX. OT HYNS,
YfieHa 3TOro PasnoOXeHus):

y'=x-2y% y(0)=0,5.

PeweHue
PeweHne 6ygem uckaTb B BUAE psaa:
Y'(Xo) Y"(Xo)
1 2!

0 yW(XO)

(X=X )5+ 3l 3

(X=Xo) +....

y=y(X)+ (x—xo)+

B Hawewm cny4yae x, =0.
Nmeem:

y(0)=0,5,

y'(0)=0-2-(0,5)* =-0,5;

y”(x):(x—2y2) =1-4y.y’,

y”(O):1—4-0,5-(—0,5)=1+1=2.

[MooctaBnas HavgeHHble 3Ha4YeHUA NPOU3BOAHLIX B UCKOMbIA psd, Mosy-
YaeM peLleHNedAHHOro ypaBHEHUS:

y = O5+%x+%x +..=0,5-0,5x+ x> +.

Omeem: y =0,5-0,5x + x° +...
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