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INTRODUCTION
Tasks and methodical instructions correspond to basic curriculum (academic plan) 

of technical specialties and include short theoretical data, conditions of a task for per­
formance of calculated graphic work and examples of calculations. At defense of cal­
culated graphic work it is necessary to answer the questions connected with its per­
formance and to solve control problems of its subject.

INSTRUCTIONS ON REGISTRATION OF CALCULATED GRAPHIC
WORKS

1. Calculated graphic works are performed on standard sheets of the A4 format 
(210 x 297 mm) with a stamp of 15 mm and the indication of numbering of pages,

2. Registration order: the title page with the indication of option; a task with the 
indication of basic data and schemes of designs; the text of the decision with neces­
sary explanations and schemes; conclusions; list of literature.

3. Drawings and schemes are carried out with observance of rules of graphics and 
scales of the standard of university.

4. A text part is carried out according to execution requirements of text docu­
ments. Calculations are carried out in a general view, in the received expressions val­
ues of the sizes, the numerical result with the indication of dimension are substituted 
(entering them). The corresponding dimensions of the received values are specified in 
the answer. All calculations are made in decimal fractions to within the third sign af­
ter a comma.

5. All drawings (schemes, schedules, etc.) have to be numbered, designated, men­
tioned in the text.

I. SHORT THEORETICAL DATA
Kinetic energy is a scalar measure of mechanical motion.
Kinetic energy of a material point is a scalar positive size equal to a half of the

x. . • m V 2mass of a pomt on a square ox its velocity, i.e .------ .

Kinetic energy of mechanical system —  the sum of kinetic energies of all ma­
terial points of this system:

T =_ : 
2

m ? : . mkK2 (1)

Kinetic energy of the system consisting from n  bodies bound among themselves is 
equal to the sum of kinetic energies of all bodies of this system:
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(2)r = f + r 2+...+r„
tt

zz -*=1
Kinetic energy of a solid at different types of the movement of a solid: 
1. Translation motion.
At translation motion of a body:

T M V2
2

2. Rotation o f a body around a fixed axle:
T j r f

2

(3)

(4)

where £  m(/,2 — moment of inertia of a body about the axle.

3. At the plane-parallel motion of a body kinetic energy consists of kinetic ener-
MV2

gy of translation motion of a body with a speed of the center of masses — and ki­

netic energy of the rotation motion around the axis passing through the center of 
l lCa fmasses — — :

2
MV2c

2 2 (5)

Theorem of change in the kinetic energy of mechanical system
1. The theorem in a differential form.
The differential from kinetic energy of mechanical system is equal to the sum of 

elementary work done by all the external and internal forces acting on .system,
d T -d A e + <M. (6)

We will divide (6) into dt:
dT d/T d£
d t d t d t  '

where ]\T — the power of external forces; N 1 — power of internal
dt dt

forces. Then:

—— = 1V* + JV*, (8)
dt

2. The theorem in an integral (final) form.
. Change in the kinetic energy of mechanical system on some displacement is 

equal to the sum of work done of the external and internal forces applied to system on 
the corresponding displacement of points of their application:

f - T ^ t A l + t A  (9)
T2 — kinetic energy of system, a tS—S2, T/ - kinetic energy of system at S=Si-
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If system moves from a condition of rest, then 7) = 0, ^ 4 '  — 0 — on property of
Jf=l

internal forces. Then:

I X ( 10)

2. TASKS TO CALCULATED GRAPHIC WORK
On the schemes given below, options of mechanical systems are given. Bodies of 

systems can move in the vertical plane under the influence of forces of weight, elastic 
forces of springs, friction forces (sliding and rolling friction) and the set acti ve forces. 
Threads are considered as weightless and inextensible, their inclination is identical 
with an inclination of the corresponding basic planes. Rolling of bodies happens 
without slipping. All schemes need to be added with a spring of the set rigidity c 
which one end is fixed on a body 1, and the second fastens to the motionless surface 
located at some distance before this body.

The condition of system at t<0 is a condition of static balance. It is provided with 
action of forces of weight, friction and spring elastic force. At t  = 0 body 1 is given 
the initial velocity of Vo (as threads don’t stretch, the corresponding initial velocity’s 
receive also other bodies of system).

The active force of jP“ is applied to a body 1 at f>0 and its direction of action 
matches the direction of displacement of this body specified on schemes 
Sj<8 < S2, and the values of force depends on the reached displacement. (S  - inter­
mediate position of a trajectory of the displacement of a body 1', Si — initial position 
of a body 1 at t=0; Si -  final position).

It is required to determine the law of change of velocity of a body 1 depending on 
its displacement and effort value in the thread linking bodies I  and 2 by the available 
data. To define also numerically of the specified values in timepoint when the body / 
passes the set way of Sj.

Explanations to designations and numerical data:
mt, m2, m}, m4 ~  the mass of bodies 1-4 expressed through a certain weight m, 
R, r radiuses of circles of wheels (indexes indicate the corresponding body), 
hi h -  radiuses of gyration of the bodies with respect to (w.r.t) axis passing 

through their centers of masses (if radiuses of inertia of a body aren't set, then it is 
considered a uniform disk),

a  and p  -  angles of the planes inclination,
/a n d  3 -  friction coefficients of sliding and rolling (respectively).

Masses is set in kilograms, the linear sizes -  in meters, angles -  in radians.
The mass of bodies are accepted on formulas 

m i—Kmi'm, mi=Km2-m, m3=Km3-m, m4=Km4-m.
Radiuses of wheels R f^ -3 0  m, Rj=0.20 m (if there is no instruction on the. 

scheme),
Radiuses of gyration ii=fi.20 m, if=0.I5 m.
Friction coefficient of sliding f=0.2, rolling friction coefficient 3~0,25'l(T2 m. 

Angles a-K a;n/12 and
To accept spring constant on a formula c-K,.-mtg/L, whereg=9JSl tn/i. L -L  0 m. 
Initial velocity V(f=Kffl (m/sec).
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All numerical coefficients Kv) and dependence of F“(S) are specified by
the teacher at delivery of a task, for example, as it is specified in the table 1.
Table 1 - Table of basic data

Xe
one by one 2 3 4

Uml 1.0 1.0 1.0
Km2 2.0 3.0 1.0
K>!)3 2.0 1.0 2.0

1.0 1.0 1.0
K« 3.0 2.0 4.0
Ks 3.0 4.0 2.0
Kc 2.0 3.0 1.0
Ky 1.0 2.0 1.0

F'(S) AigmSifi (7CS/2S2) Mg-S/S2 Mg{s/s2y
M 3.0-m 3.0-m 3.0-m
s2 0.5 0.5 0.5

Schemes of mechanisms are shown in position of static balance (figure 1).

Figure 1 — Schemes of tasks by options
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Work is performed in. the sequence:
- to show the scheme of the mechanism, supplemented by a spring:
- show all existing in the system of external forces and moments;
- to make calculated schemes and to define static deformation of a spring ***;
- to show system in any provision (at S;<S <$));
- to find kinetic energy of system and to define its initial value;
- to find work done of the applied forces;
- to find dependence of V(S) and to define V(St);
- to fmd acceleration of the first body and effort in thread between the first and 

second body (using the main equation of dynamics of a point or Dalamber’s principle 
for a point), to carry out calculations for S—Sj.

*** the static deformation of a spring is allowed to define by the principle of 
possible displacement (Lagrange's principle).

Example:

Figure 2
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Basic data: Kmj — 3> Km2 ^ — 1, — 2, K$ ~ 4, Kc — 13 K.y — l,$ s
M -3-m , $2~0J. Fa(S)=M-g-e{'s2)~3’m -g-e('FS}^3-g-m -e2,0‘s .
The mass of bodies are accepted on formulas: 
mt  = Kml • m. -  3m [kg], m 2 = Km2 ■ m  ~ m  [kg], 
m3 = Km3 -171 = 711 [kg], m 4 = Km4 - m  = 2m  [kg].
Radiuses of wheels R2 — 0,3 m, ( i?3 =  R2 — 0,3 m).
Inertia gyration i2 = 0,2 m
Rolling friction coefficient S = 0,5 ■ 10“2m.

To accept rigidity of spring (constant) on a formula: 
c = Kc * m-L - ~ = 3 . m • -  =  3mg.

Initial velocity V0 =  Kv • 1 — 1 ( ^ ) -
Decision:

We will represent the scheme of the mechanism added with a spring, and we will 
show all external forth factors existing in system.

Where: Frol -  rolling friction; Mf -  the moment from rolling friction;
Fei -  elastic force; S# -  position of a body 1 at not deformed spring, i.e. a body 1 is 
kept by some ektemal force. 1

1, We will consider the displacement of the mechanical system consisting of bo­
dies 1-4. For definition of Vt we will use the theorem in the change of kinetic energy:

Figure 3



2. We define kinetic energy T.
T = T1 +T 2 +  T3 +T 4. (12)

3. Considering that the body 1 moves translatory, bodies 2 aid 4 rotate around 
fixed axles, the body 3 moves plane-parallel, we will receive:

m-rVi r, = 12 ‘0)2 T  — m?'vic , h ‘0)p, 7k =Tl 2 ’ 2 ’ '  +  2 /  z ' 2
where I2 -  moment of inertia of bodies (on a condition 

12=0,2 m, r2=0,5R2=0,5 ■ 0,3=0,25 m, R4= r2=0,15 m, R2=R3=0,3 m).

(13)
it is accepted

We express all velocities entering here through required size Vj:
, ,  -  V1 - V 1 -  Vi 

2 r2 fi4 0 ,15 ’

Vi
0,15

■ 0,3 = 2,0 • VtV3 c — <̂ 2 ‘ 7?2

a  = ^£. = ^ 1 =  S,67 -Vj . 
d r 3 0,3 ' -1

Then, substituting expression (14) and (13), we will receive:
j  — 3‘m‘vi

1 2 '

(14)

7z =
0,04.m.(ix)2

z ■ 0,89mV2

. m ’C 2+i)2 ,  0,04S-to.(6,67W1) z __ 2
2 2  1  '

n  = o-°225'm,( & )2 O.Smkj2.

Then expression (12) will be written as:
7  =  +0,S9-mV12 + 3 • mV)2+0,5 • mV?. (15)

This expression defines kinetic energy of system in dependence on the velocity of 
the 1st body.

4, We define initial value of kinetic energy of system:
T ^T fV ^V o ).

Tf=5,89m-Vo=5,89’m -12 =5,89m [Janies] (16)
5. Further we will find the sum of work done of all acting external forces on dis­

placement which will have system points when the load 1 passes a way of S. We will 
enter designations for displacement of a bad I: S 3= S

— Sl —  ̂ _  Si __ s
4  — i?4 — 0,15 ’ 2 ~  r 2 ~  0,15 ’

$3C — 2 ’
S

0,15
■ 0,3 = 2 S

: ^  =  — =  6,675
r 3 0,3 (17)

We will find initial and final lengthening of a spring. For this purpose we will 
consider a condition of balance of a body 1 in the figure 4.
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Where: F*\ -  elastic force at static balance of system; T12 — tension force in 
thread.

We will define a condition of the deformed spring f cm:
K  + t£ + f$  = 0.

0; - T i a « 0. (18)
Pi=mr g«3- m g
/st • C —  Pj 0 8 ’)
F el= fs t'C  (19)

For finding of f st we will find T12. We will consider a body of 4 (fig. 5) in bal­
ance. Effort in the threads, thrown through the block 4, identically. F12 =  T2±.

We will consider in balance, a body 2. (fig. 6)

JO



Figure 6

iM o  -  0; T2i * r2- T n  • R2 = 0 (20)

T2t=T2r R 2/ r 2 (205)

We will consider in balance a wheel 3 (figure 7). We will notice that 
We will work out the equation of the moments of all forth factors w.r.t, point of K 

(ICZV- instantaneous center o f zero velocity).

IM k = 0;Mf +Ps -sina‘R3- T 32'R 3 = 0 (21)

T3f= M/+ P$' sina -R3/R 3 (21’)
Mf  = N vS  (22)

lF y = 0; -  P3• eosa+Nj=<? (23)
P3' cosa; P3~m$g; N3= 013 -g- cosa (23’)

n



We substitute (23’), (22), (21 ’), (20’) in (IS’) and expressing, we will receive:

„ R? m.‘g-cos<x-S+m-n'sina-R33-tJwr— 2------=—————f  t ~ r2 _____*1_____ '(24)

f  —
1 s t  ~

'i-m -g -2 m-g- O>5-P,005*3n-ff'D,867 -U3

3-m-g 1 — 0,58 =  0,42 m.

fv. = /st + si — 0,42 4- 5 since the load 1 moves towards further compression of 
a spring.

The work of the elastic force of the spring:
A(Fed =  - f  • (Cfst + S)2 -  fi t  ) - ^ f  (.Ŝ  + 2 -.-i. f st) (25) 

Work done of active force F°:
A(Fa>=J0s Fa(S)dS -  J® 3 • m ■ g • e2'sdS =  / QS 3mgezsdS = 3mg e2SdS -

3mg . ( £ ! „ £ )  = 1,5m g (e2-s -  1) (26)
We will find works done of all other active forces:

Pl = • g =  3 mg
A(Pt) = Pi • Si =  3mgS (27)

We will consider a wheel 3 fig. 4):
Pa = m3 ■ g =  mg

A(P3) =  —P3 • sin(a) * S3C — - 2  • S • m • g • sin (a) (28)
A(Mf)—  0,0G5m-g-cos(a)- 6,67- S= — 0,033- S- m- g- cos(a) (29)

Work done of forces of N2, P2, N4, P< equal to zero since their points of applica­
tion fixed. Force Ns is perpendicular to displacement of a wheel therefore its work 
done is also equal to zero.

The right member of equation (11) taking into account expressions (25)-(29) will 
be written down:

2  Ak -  A(Fa) + A(FX) + A(P3) + A(Mf ) + A{Fel) (30)
Ak — m  • g  • (1,5 • e2-s — 1,5) + 3 - m - g  -S — 2 - S  - m-  g ■ sin (—)

n  3 • m • g  
~  0,0333 • S - m - g  • (—) -------• (S2 + 2 • S • f st)

2 A k ~  m g { -0,0087 • 5 + 1,5 * e2's -  1,5 • S2 ■ 1,5) (30’)
6. Determination of velocity. Substituting expression (30’), (15) and (16) in the 

equation (13), we will come to equality:
5,89- V? ■ m  -  5,89 • m  =  (-0,0087 ■ 5 + l,5e2‘s -  1,5 • 52 -  
5,89- Vl -  5,89 =  —0,085-S + 14,715 - e2’5 -  14,715 ■ S 2 -  14,715 

From where: '

I -

F1 = S + 14,715 • e2's -  14,715 • S 2 -  14,715 + 5,889
5,889

= VO,014 • S + 2,499 ■ e 2-sZ 2.^ 9  V̂ 2 -  1,5 (31)
This expression defines the law of change of velocity of the 1st body depending 

on its displacement.



7. We determine the dependence of the yarn tension between the bodies 1 and 2. 
For this purpose it is necessary to know acceleration of a body 1.

a ^~ V
d t

We will pass to a variable S:
a ^  — V= ± y  .21 = (-2-v) ■ (— 5 ) = v ( — v )  = ~  (32)

d t  d t  dS  \ d S  ) '  \ d t  )  \ d S  )  2dS  v '
Then acceleration of the 1 st body taking into account (31):

aj ^ ■ ^ [~ (~ 0 J014-S, + 2)4 9 9 ’e2‘5 ~-2,499.5z - 1,5)3 -
= a* = 2,499 - e2S~ 2,499 -5  -0 ,0 0 7  (33)

8. For definition of a tension in thread, we will mentally cut thread and it is ac­
tion it on a body 1 replace throw reaction of (fig. 8).

Figure S

Where: Tjy„ -  effort in thread at the motion of solid 1.
Then on the basis of Dal amber's principle it is had:

P t + F ' - ^ - F n - T g y n ^ Q ,  (34)
where:
Pei ~  ctfst +  S) =  3m * g • (0,42 + S) =  3 • S • m  * g  -I-1,26mg -  elastic force. 

— mi • at r= 3 * m(2,499 ■ e2S — 2,499 - S — 0,007) — force of inertia of the 
first body.

pa _  pa($} — 3 , m  . g  . e2S-  active force.
Expressing from (34) Ti(yn we will receive:

Tdyn “  P-i + Fa ~  $1 — Fel=3mg+3mge2S — 3m(2,499e2S — 2,499 * S +
+ 0,007) -  3Smg -  1,26m#
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Tiyn= m(7,4965 + 3-9,81 -  7,496e2S + 3-9,81- e25 -  3-5-9,81 -  0,021 -
-1,26-9,81)

Ttyn = m (—21,934-5 + 21,934e25 + 17,061). (35)
This expression defines the law of change of effort in thread between the 1st and 

2nd body depending on displacement of the 1st,body.
9. We will carry out calculations for 5=52:
9.1 Velocity of the 1st body at S2 = 0,5 [m] from a formula (31):

Vi =  V ^ .0 1 4  -SK + 2.499 • e 2S« -  2,499 ■ 5 2 -  1,5

Vi -  V-~0,014 • 0,5 + 2,499 ■ e2'0-3 -  1,5 =  2,16 [m/s].

9.2. Thread tension between the 1 st and 2nd body at 5Z = 0,5 [m\ from a formula (35).
Tdyn = m (21,934 • e25 -  21,934 • Sk + 17,061)

Tdyn =  m(21,934 • e2’0-5 -  21,934 - 0,5 + 17,061) = 65,65m [H]
9.3. Acceleration of the 1st body at S2 = 0,5 [m] from a formula (33).

cii =  2,499 • e 2s« -  2,499 ■ 5K -  0,007
771

Oi =  2,499 • e 2'0,s -  2,499 • 0,5 -  0,007 = 5,53 [^ ]

Answer: V^S) = V -0,014 - 5 +  2,499- e 25 -  2,499 • 52 -  1,5, 
T^(S)= m f-21,934- 5+21,934-e25 + 17,061), 

fll(5) =  -2 ,499-5  + 2,499 • e2S -  0,007,
Fi(52) =  2,16 [m /s],
T(52) = 65,65m [H], 

ai(5z) = 5,53[m/s2].
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