UDK 517.9
ON THE FUNDAMENTAL SOLUTION OF THE BIHARMONIC
EQUATION IN R*

D. A. Basik, D. V. Haluts, R. N. Kozinets
Brest State A. S. Pushkin University, Brest

Scientific adviser: A. . Basik, PhD in Physics and Mathematics,
Assistant Professor

In this paper we prove some integral equalities for the operator A’ in R, where
A= -
]Z; 6x
In the four-dimensional case (d = 4), we find radial solutions of the biharmonic
equation. Using the solutions we have found, a fundamental solution of the operator
A’ in R* is constructed.

Theorem 1. Let QO — R? (d e N) be a bounded domain whose boundary 0Q is a
sufficiently smooth surface, let n = (n,,...,n,) be the unit outward normal field on 0Q

and let u,v e C"* (ﬁ) . Then we have

8(Av(x)) 8u(x)

j u(x)A*v(x)dx = j Au(x)Av(x)dx + | (u( ) Av(x )de(x) (1)

and

j (e () AV (x) = v(x) A0 (x) b = (u() AAVD) | Ay () D) (x))dS(x)— )

I( x )a(Au(x)) Av(x )8u(x)) JS ().

oQ

In the equations (1) and (2) above, 0/0n is the directional derivative in the direction
of the normal n of the surface element dS(x).

Let’s call equality (1) an analogue of Green’s first identity, (2) — an analogue
of Green’s second identity for the operator A*.

Proof. Integrated by parts [1, p. 302], we have

j u(X)Av(x)dx = Z Ju(x) —(Av(x))dx =

J=1 o

_ _zd: I i(u( x)) _( AV(x))dx + Z ju(x) —(Av(x))n (x)dS(x) =

/lgaxj Jj=l e
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d 02
Zg‘[ﬁx

J=1

(u(x))Av(x)dx — _[ — (X)) Av(xX)n, (x)dS (x) + _[u(x) —(Av(x))dS (x)=

j=1 60 x
= [ Au(x)Av(x)dx — | —(u(x))Av(x)dS(x) + j u(x) a—(Av(x))dS(x)
Q 6Q
This completes the proof of formula (1).
Applying formula (1) to integrals Iu(x)sz(x)dx and j v(x)AN’u(x)dx , we obtain
Q Q
formula (2). Theorem 1 has been proven.

Let y € R* be a fix point and let 7' be a distance between points x € R* and y, i.e.
r=lx—y[E((x —y) +..+(x, —y,)")". Let's find radial solutions of the biharmonic
equation in R*

Nu=0, (3)

i.e. solutions of equation (3) depending only on r. Thus u = f(7), where the func-

tion f(r) satisfies the ordinary differential equation

(f”(r>+3f'<r>j +3[f"<r>+3f'(r)j ~0. (4)
r r r
We define a new function g(r)= f"(r)+3f'(r)/r for r >0. Then we obtain
3 3 i ' Cl Cl
g'(r) +;g'(r) =0 (r'g'(r) =0 g'(r) =5 g(r) =5zt G,

where C,,C, are constants of integration. Returning to change of the variable,

we have
" 3 / C ' ' Cr
f (’”)+—f(’”)=—?+cz<:>(r3f(r)) =—71+C2r3<:>
Cr’ r C F2C. C
S rfir)=—- C2?+C3@f(r):—jlnr+72—2—r32+c4.

Let’s define the function @ as follows. For x e R* \ {0}, let
®(x)=Cln|x]|, (5)
where C € R. The function @ is locally integrable function in R* and we see that
@ satisfies biharmonic equation (3) on R*\{0}. Let's find C so that the function ®

satisfies the equation A’u =0 in the sense of distributions [1, p. 542]. That is, for all
¢ € D(R*) we have [®(x)Ap(x)dx = ¢(0).
R4
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For this reason, we call ® the fundamental solution of the biharmonic equation.
So, let @ € D(R*) and supp ¢ lie in an open ball B(0;R). Then we have

j D(x)Ng (x)dx = lim [Ox)Ap(x)dx.

s<|x\<R

Applying theorem 1 and taking into account the fact that ¢(x) vanishes as
X ¢ supp @, we have

[N p(x)dx =lim | (@(@M + AD(x) wjdsu) -
R &>+0 on on

|x|=¢
tim ] (000 252D 4 20 2 as
£—0 ime on
where n=-x/¢.

Considering the fact that ¢ € D(R*), and, therefore, infinitely differentiable,
we have

A(Ap(x))

X

<|27°Ce&’lng|- supz

xeR? Jj=1

—>0 as ¢ > +0;

o(Ap(x))
| o) =" o, ™)

xl=¢

J

A(p(x))

X

|x=¢

x) <|47°Ce|-su pz

reR* Jj=1

— 0 as ¢ > +0;

|xl=¢

x)| < 27°Ce” |- sup‘Ago(x)‘ —0 as & > +0.

Hence

j O(x)Ap (x)dx =~ lim | gp(x)@a@( )=—-4C 11m8 [ p(x)dS(x).

le & Ix|=¢
Applymg the first mean-value theorem [1, p. 338], for & >0 there exists point x,
=¢ and

[p(x)dS(x) =278 p(x, ).

[x|=¢
Finally
'[d)(x)Azgo(x)dx =-87°C lim0 @(x,) =-87°Cp(0).
4 £+

By taking C =—1/(877), we proved the following statement.
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Theorem 2. The function ®(x) =—(87°) " In| x| is the fundamental solution of the

biharmonic equation in R*.

We express our gratitude to Kovalenko O. N., Senior Lecturer of the Department
of Foreign Languages of Brest State A. S. Pushkin University, for helping us in trans-
lating.
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AIIPUOPHBIE OINEHKHU INOI'PEINHOCTH JJIAA ABHOI'O
NUTEPAIIMOHHOI'O METOJA PEHIEHUS HEKOPPEKTHBIX 3ATAY
B ITIOJIYHOPME I'MJIBBEPTOBA ITPOCTPAHCTBA

M. C. I'opbau,
bpl'V umenu A.C. Ilywkuna, bpecm
Hayunwiti pykogooumens:
O. B. Mamvicuk, kanouoam guauxo-mamemamuieckux Hayk, 0OyeHm

Kak w3BecTHO, TOrpemIHOCTh MeToJa TMpocTod wurtepanuu JlaHaBeOepa
Xpild = Xps + Ot(yg - Axn’g), xp,5 =0 [1-2] ¢ MOCTOSHHBIM IIArOM 3aBMCHUT OT IlIara

[0 AaHTUT'PAJIUEHTY, U IPUTOM TaK, YTO JIJIsl COKPAILECHHS YK CIIa OTIepaIiii )KeJIaTeNbHO,
YTOOBI IIAr MO AHTUTPAAUEHTY OBbLI KaK MOKHO OoJjbIMM. OJHAKO Ha 3TOT MLIar

HaKJIaJbIBa€TCsl OrpaHudeHue ceepxy [2]: 0<a < Bo3Hukaer ujes noneITaThCs

5
44|
OCIIa0UTh 3TU OTPAHUYEHUS. DTO yAACTCS CAENaTh, BRIOWpAs JUIsl IIara TPU 3HAYCHUS
o, B, y monepeMeHHo, T/ Y yXKe He 0053aH0 YIOBICTBOPATH MPEKHUM TPEOOBAHUSIM.

B runsbepToBoM mpoctpancTBe H pemiaeTcs ypaBHEHHE MEpBOroO poja Ax =y

C TOJIOKUTEIFHBIM OIPAaHMYEHHBIM CaMOCOMPSHKEHHBIM OIepaTopoM A, Ui KOTo-
pOro HYJIb HE SBISIETCSI COOCTBEHHBIM 3HaYeHHEM. OIHAKO HYJIb IPHHAJICKHUT CIEK-
Tpy omepaTtopa A, cienoBaTesbHO, 3a1a4a HeKoppekTHa. [Ipeanonaras cymecTBoBa-
HHE €IMHCTBEHHOT'O TOYHOTO PELICHHS X IPU TOYHOM NpaBoii yactu y, OyneM ucKathb

cro HpI/I6HI/I)KeHHOC 3HAQUCHUC XH ) I/ICHOJ_IB3y5[ METO/
Xp+l = Xp— OL11+1(AX11 - .V)a X0 = 0,

U341 =0 O3p0 =B, 03,,3=y, n=0,1,2,....

(1)
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