- COCTaB TPaB MPUBOJIUTH B COOTBETCTBHE C COCTABOM O0SI3aHHOCTEIH;

- BBIICIIATh M3 COCTaBa O00sA3aHHOCTEW Mepy(bI) OTBETCTBEHHOCTH 33 HEHAJIIEKa-
111ee UCIOJIHEHHE 00S3aHHOCTEH;

- Mepa OTBETCTBCHHOCTH 33 HEHAJJIC)KAIIECE MCIOJHCHUE 00sS3aHHOCTEH J0JDKHA
MMETh YETKO BEIpKECHHYIO (hopMy (3HaueHHE) uiau abCTpakTHYIO0 (Ppa3y «HEceT OT-
BETCTBEHHOCTH» UMEET IOJIHBIA CMBICIT UCKJITIOYHMTH U3 YCTaBa.
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Abstract

One of the main differences of reinforced concrete is the possibility of cracking in
concrete, which leads to a significant change in stiffness along the length of the element
with cracks. The current state of the issue of the analysis of reinforced concrete ele-
ments is characterized by the widespread use of complex mathematical models and
computational tools based largely on empirical and semi-empirical approaches to the
analysis of the operation of reinforced concrete with cracks (deformation design model
of the cross section based on concrete and reinforcement deformation diagrams, block
model based on the dependences of the adhesion of reinforcement to concrete and the
finite element method for calculating internal forces). So, the deformation design
model of a flat section is used to calculate the moment of cracking and the strength of
the element; block model of reinforced concrete between cracks - to calculate the open-
ing width and crack pitch; structural mechanics methods (including the finite element
method) for calculating internal forces and deflections. Using these approaches in the
calculations of the stress-strain state of reinforced concrete elements (successively,
moving from one method to another), the accumulation of calculation errors invariably
occurs, since the parameters of the reinforced concrete structure calculated using dif-
ferent approaches have a mutual influence on each other. The purpose of this work
1s to attempt to combine these approaches for calculating the stress-strain state of rein-
forced concrete elements at all stages of work within the framework of a single calcu-
lation model, avoiding, if possible, the use of empirical relationships between them.
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On the example of a continuous two-span reinforced concrete beam, the authors ana-
lyzed the proposed calculation model and obtained satisfactory results of convergence
with experimental data.

Key words: reinforced concrete, modelling, continuous beam, deformational
model, finite element model, block model.

MOAEJUPOBAHUE PABOTbI CTATUYECKHW HEONPEAEJIUMBIX
AKEJE30BETOHHBIX KOHCTPYKIIMM 11Ol HATPY3KOHU

JI.H. Jlazoeckui, /I.0. I'nyxoes, E./]. J/lazoeckuii

Pedepar

OnHUM W3 OCHOBHBIX OTJIMYUN kKEeJIe300€TOHA SIBIISIETCS BOBMOXKHOCTh 00pa3oBa-
HUS TPEIIMH B OETOHE, YTO MPHUBOJUT K 3HAYUTEIHLHOMY M3MEHEHUIO KECTKOCTH 10
JUTMHE 3JIeMeHTa ¢ TpemrHaMu. COBpEMEHHOE COCTOSIHUE MPOOJIEMbI aHalIu3a Kele-
300€TOHHBIX JIEMEHTOB XapaKTEPU3YETCs MUPOKUM UCIOJIb30BAHUEM CIIOKHBIX Ma-
TEMaTHYECKUX MOJICTICH M BBIYUCITUTEIIBHBIX CPEACTB, OCHOBAHHBIX BO MHOTOM Ha HM-
MUPUYECKUX U MOTYIMIIMPUYECKUX MOAX0AaX K aHAIU3Y pabOThI KeJ1e300€TOoHA C Tpe-
mHaMu. (aedopmalnmoHHas pacdyeTHasi MOJIeNIb MOMEPEUYHOro CEYEHUsS Ha OCHOBE
auarpamMm aedhopMHUpOBaHUs OETOHA U apMaTyphl, OJI0YHAs MOJIEIh Ha OCHOBE 3aBH-
CUMOCTEH CIETUICHHs] apMaTypbl ¢ OETOHOM U METO/Ia KOHEUHBIX JIEMEHTOB JIJIsl pac-
yeTa BHYTpeHHUX ycuiaui). Tak, pacueTHas Mojeib JeopMaivu MmI0CKOro CeYeHus
HCIIONB3YETCsl JISl pacueTa MOMEHTa 00pa30BaHMs TPEIIMH M MPOYHOCTH 3JIEMEHTA,
0JI0YHAst MOJIETTb KeJe300€TOHA MEX Ty TPEIMHAMM — JIJIsl pacueTa MUPUHBI PACKPHI-
THS U 111ara TPEIIUHbI; METO/Abl CTPOUTEIILHON MEXaHUKHU (B TOM YHCJIE METO]I KOHEY-
HBIX JIEMEHTOB) JIJI pacueTa BHYTPEHHUX CHJI U MPOruodoB. [Ipu ucnosib30BaHUM ATUX
MOJXO/IOB MPU pacueTax HANpsHKEHHO-Ae(hOPMUPOBAHHOTO COCTOSIHUS KEIe300€TOH-
HBIX 3JIEMEHTOB (TOCIEA0BATENbHO, IEPEXOs OT OJHOTO METOJa K JIPYyromMy) Hewus-
MEHHO MTPOUCXOJIUT HAKOTNICHUE PACUETHBIX MOTPEITHOCTEH, TaK KaK apaMeTphl ke-
71€300€TOHHOM KOHCTPYKIIMH, PACCYUTAHHBIC TI0 PA3HBIM MOX0/1aM, UMEIOT B3aUMHOE
BIIMSIHUE JIPYT Ha Apyra. [{enpio qaHHON paObOoThI SIBISETCS MOMBITKA OOBEAUHUTD ITH
MOAXOJIbI K pacyeTy HampsiKEHHO-Ae()HOPMUPOBAHHOTO COCTOSIHUS KEJI€300€TOHHBIX
AJIEMEHTOB Ha BCEX 3Tamax padoT B paMKaxX €IMHOW pacueTHON Mojenu, u3deras, 1o
BO3MOKHOCTH, UCITOJIb30BAHUS OIMITMPUUECKHUX 3aBUCUMOCTeN Mexy ux. Ha mpumepe
HEpa3pe3HON NBYXIPOJIETHON KeIe300€TOHHONW OaJKh aBTOPhI MPOAHATUZUPOBAIU
MPEUIOKEHHYIO PAaCUETHYIO MOJIEh U MOJMYUYUIId YAOBICTBOPUTEIBHBIE PE3YJIbTAThI
CXOJUMOCTH C IKCTIEPUMEHTAIBHBIMU JAHHBIMH.

KiarwueBble cioBa: JXene3o0eToH, MoaenupoBaHue, Hepa3pesHas Oanka, aedop-
MallMOHHasl MOJIEJIb, METO/I KOHEUHBIX JIEMEHTOB, OJIOUHAST MOJIEIb.

Deformational design model of the element cross section. The distribution of de-
formations along the height of the cross section of a bent reinforced concrete element
before the appearance of cracks obeys the hypothesis of flat section (Bernoulli). For
reinforced concrete elements that have cracks in the tension zone, the flat section hy-
pothesis is used as an assumption for the averaged longitudinal deformations of the
tension and compression zones.
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In the computational deformational model, the work of the tensile zone of concrete
after the formation of cracks in the statement [4, 5] is taken into account by transform-
ing the tensile diagram of free reinforcement (without concrete, in a section with a
crack) into a diagram in which stresses o, are taken as free reinforcement, and relative
deformations ¢, - for the averaged section in accordance with the hypothesis of flat
sections, i.e. adjusted downwards taking into account the coefficient y; [6, 7, 8].

For bending reinforced concrete element, the equations of the stress-strain state:

?:1 0ciAci(Vo — Yei) + Xickr1  OsiAsi(Vo — Ysi) —M =0

21 OciAci+Xlgsr  OsiAsi =0, (D

€(c,9)i :% (Yo — y(c,s)i): oci = (&), 05 = f(&si)
where 0(¢ 5); , €(c,s)i- Normal stresses and longitudinal relative deformations in the
i-th elementary area of concrete or reinforcement; A );and Y s); - cross-sectional

area and distance from the selected axis to the center of gravity of the i-th elementary
area of concrete or reinforcement.

The criterion for the formation of cracks is the achievement by an elementary layer
of concrete at the level of the center of gravity of the reinforcing bar the value of lim-
iting relative deformations €., The maximum value of the bending moment at which
the equilibrium conditions (1) are met in the cross section with a crack corresponds to
the strength of the reinforced concrete element.

Calculation of the stiffness of the section along the length of the reinforced concrete
element with cracks is carried out taking into account the work of tensioned concrete
as the average value of the sum of the stiffnesses of the elementary areas of concrete
and reinforcement along the boundaries of the section:

(EI)j _ [Ti1 Es)idicsi0o=Yesi’] j+£2?=1 E(¢)il(cs)iVo=Y ()] j+1 )

Block design model of a reinforced concrete element. Describes the parameters of
the stress-strain state of reinforced concrete between cracks [9-13]. The initial data, in
addition to the characteristics of concrete and reinforcement, are stresses (relative de-
formations) in reinforcement in a cross section with a crack.

The main prerequisites for the model for a bending element are [14]: reinforced
concrete element - a set of reinforced concrete blocks separated in the tension zone by
normal cracks and interconnected by concrete of the compressed zone and tension re-
inforcement; reinforcement and concrete of the tensile zone work together in accord-
ance with the relations of adhesion [1, 14], which establishes the dependence of shear
stresses over the contact area of the diameter of @ reinforcement with concrete on their
mutual shear (s); stresses in the concrete of the tension zone are distributed uniformly
over the effective area 4. .4

The distribution of relative strains of tensile concrete and reinforcement along the
length of the block is described by the following system of equations (solved by suc-
cessive approximations of the finite difference method (Figure 1)):

Do oo g (Vo) At
(s = alo) - (522) o =1 7(s) G)
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Figure 1. Distribution of relative deformations of concrete and reinforcement
in a reinforced concrete block from the crack side

Two stages of cracking are considered in operation under the load of a bent rein-
forced concrete element [14]: the first stage is transient cracking, when, with an in-
crease in the bending moment along the length of the reinforced concrete element, new
cracks appear; the second is steady-state cracking, when the number of cracks practi-
cally does not increase (there is a redistribution of forces between reinforcement and
concrete along the length of the reinforced concrete block in accordance with mutual
shifts due to loss of adhesion.

At the first stage of cracking in a reinforced concrete block, the relative defor-
mations of concrete do not exceed the values of the ultimate tensile strength of concrete,
1.e. shear zones (redistribution) from the side of two adjacent fractures do not overlap
(Fig. 2, a). With an increase in the bending moment, the relative deformations of con-
crete at the level of the center of gravity of the reinforcement in the zone of joint de-
formation reach the values &, new cracks divided reinforced concrete block into
smaller reinforced concrete blocks.

At the second stage of cracking along the entire length of the reinforced concrete
block, the relative deformations of concrete at the level of the center of gravity of the
reinforcement €.m< &cmu, 1.€. redistribution zones of two adjacent fractures overlap
(Figure 2, b). With an increase in the bending moment from the external load, mutual
shifts of the reinforcement and concrete occur (which manifests itself in the opening of
cracks) and the redistribution of forces from concrete to reinforcement.
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Figure 2. - Distribution of relative deformations of concrete and reinforcement along the length
of the reinforced concrete block: a - at the first stage of cracking; b - at the second stage
of cracking

The opening width of a crack is calculated as the sum of mutual displacements s(x)
of reinforcement and tensile concrete in adjacent reinforced concrete blocks along the
length of redistribution zones /; to the left (/) and to the right (») of the crack edges:

w= [0 sdx= [0 e — e (0ldx . (4)

Finite element method for analysis of internal forces. To calculate internal forces
and deformations from the action of external loads in bending beam structures, bar
finite elements are used. The stress-strain state of a reinforced concrete structure is
determined by the equation of the finite element method for calculating displacements:

{6} = [K]7H{F}, (5)
where {0} is the displacement vector; {F'} - external load vector; [K] is the global
stiffness matrix of the system.

The vector of internal forces of a single finite element is determined by the product
of the local stiffness matrix and the displacement vector of the nodes of the finite ele-
ment. The constructed finite element model is subjected to adaptive discretization. The
elements of the model are adjusted to the analytical estimates of the reinforcement slip
zones determined using the reinforced concrete block model. Based on the condition
of smallness of the finite elements, the stiffness characteristics of the element (a section
of a bent continuous beam) are considered as averaged over its length (2).
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Having calculated, according to the block model, additional relative deformations
(stresses) in the reinforcement along the length of its shear section in the concrete of
the tension zone, taking into account, according to the deformation model, the new
equilibrium state of any cross section (including the section with a crack), the corre-
spondence of the distribution of relative deformations of concrete and reinforcement
by the height of sections to the hypothesis of flat sections. Thus, the work of tensile
reinforced concrete with cracks in the deformation model of the cross section with a
crack is modeled without applying the coefficient ys. Having determined, according to
the deformation model, the distribution of stiffness along the length of a statically in-
determinate (continuous) bending structure, by the methods of structural mechanics
(finite element method), the distribution of internal forces (bending moments) and de-
formations (deflections) along its length is calculated. The algorithm for calculating
the parameters of the stress-strain state of a continuous bending structure under the
action of a load with the simulation of an equivalent equilibrium state of the cross sec-
tion during the formation of a crack is shown in Figure 3.

Figure 3. Algorithm for calculating the parameters of the stress-strain state
of a continuous bending structure
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Comparison of analysis results and experimental data. As experimental data for
comparison with the analytical calculation results, a continuous two-span reinforced con-
crete beam hinged on the extreme supports with a distance between the axes of the supports
of 1800 mm and a cross section of 120x190 mm, loaded with concentrated forces in thirds
of the spans, was taken as experimental data [15]. The width of the steel plates of the beam
supports is 100mm. The beam is symmetrically reinforced in the upper and lower zones
with longitudinal bar reinforcement (2012 mm each, 4,=4,,=226.19 mm? with a yield
strength of 528.7 MPa, the ultimate strength of 592.8 MPa and an elongation at break
of 7.6%. Distance from the upper and lower faces of beams to the center of gravity of the
cross section of the reinforcement is 25mm.The compressive strength of concrete
fem = 32.6MPa, the initial modulus of elasticity in compression is 31.38GPa, the tensile
strength of concrete f.,, = 2.53MPa. The concrete of the beam is made on portland cement
without additives with granite crushed stone 5...20mm.

The diagram of deformation of the longitudinal bar reinforcement of the beam in
tension and compression is assumed to be bilinear with the limitation of relative defor-
mations by elongation at break.

The diagram of concrete deformation under compression is taken as a curved branch
with a descending branch, without limiting its length in terms of deformations in order to
obtain a complete redistribution of forces between the zones in the span and on the support
of a statically indeterminate beam. To obtain a complete nonlinear diagram of concrete
deformation of a bent structure in tension during bending, we calculate the tensile strength
of concrete according to [3] in bending f..m s and the initial modulus of elasticity in tension
E. according to [16-18], relative deformations €., at the peak point of the diagram de-
formation and ultimate tensile strength of concrete &4,

feempt = feem - |16 = ==, (6)
ct = 75010871,};??%"1’ (7)
Eotm,1 = 2, ®)

ct
Eotmu = —omL ©)
K =64+01223" fo. (10)

The calculation results for the concrete of the considered continuous beam are as
follows: fom i=3,57TMIla; E.=26,46I'Tla; & =19,1-107;  &um,=1-107,

Figure 4 shows: a general view of the beam after destruction; diagrams of calculated
and experimental bending moments under a load corresponding to the bearing capacity
of the beam; calculation model of the beam before destruction.
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a) general view after destruction, beam modeling result: b) and c) respectively at the characteristic
value of the load (28.5 kN) and before failure (47.05 kN); d) before failure (40.5 kN) with point sup-
port on the middle support: plots of design (experimental) bending moments (numbers in kNm),
calculation model of the beam with crack locations and width of their opening (vertical lines and
numbers in mm), distribution of relative deformations (blue line) and stresses (red line)
in the reinforcement, as well as the position of the neutral line (gray line), deflections
of the reinforcement beam, as well as the position of the neutral line (gray line)

Figure 4. Experimental continuous reinforced concrete beam

The proposed model makes it possible to obtain the distribution of all parameters

of the stress-strain state along the length of a continuous beam at any stage of loading
(Figure 5).
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Figure 5. A fragment of the design model of a continuous reinforced concrete beam with critical
cracks and their opening width (vertical lines and numbers in mm), plots of experimental
and calculated bending moments (figures in kNm), distribution of relative deformations
(blue line) and stresses (red line) , as well as the position of the neutral line (gray line)

Table 1 shows a comparison of the experimental and calculated (according to the
proposed analytical model) parameters for a continuous reinforced concrete beam with
the above-mentioned initial data. The maximum value of the experimental and calcu-
lated deflection, as well as the crack opening width of a continuous beam, was deter-
mined at a load of 28.5 kN, corresponding to its characteristic value.

Table 1. Comparison of experimental and calculated parameters of a continuous
reinforced concrete beam.

The ratio of the experimental
Parameter Exp. value | Calc. value value to the calculated
Bending moment at crack formation, 5.92 6.6 0,89
kNm

Concentrated force at destruction, kN 46,95 47,05 0,99
The maximum value of the deflection

in the span at 28.5 kN, mm 4,66 4,61 1,01
Maximum width of opening of cracks

in the span at 28.5 kN, mm 0,33 0,39 0,82
Maximum width of opening of cracks

on the support at 28.5 kN, mm 0,35 0,41 0,85

Comparison of the main parameters of a continuous reinforced concrete beam:
bending moment of crack formation; opening of cracks after their appearance; deflec-
tions; concentrated efforts corresponding to the bearing capacity (strength) indicates
their satisfactory convergence.

In the limit state (before failure) near the cross sections with critical cracks (with
maximum bending moments on the continuous support and in the span), there is a sharp
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increase in the relative strains in the tensile reinforcement and a close to uniform dis-
tribution of stresses in the reinforcement along the length of the beam due to decoupling
from concrete (Figure 6). This increase in deformations of tensile reinforcement
in cross section with a critical crack increases the width of its opening. At the same
time, in neighboring cross sections with cracks, there is a sharp decrease in the height
of the compressed zone at almost the same stresses in the tensile reinforcement as in
the critical crack.

Figure 6. A fragment of the calculation model of the beam at the intermediate support
in the limit state with cracks (vertical lines), the distribution of relative deformations (blue line)
and stresses (red line) in the reinforcement, as well as the position of the neutral line (gray line)

Conclusion. Using the experimental example of a continuous two-span reinforced
concrete beam, the possibility of methodically combining the deformational and block
models together with the finite element method to calculate the parameters of a rein-
forced concrete structure at any stage of its operation is demonstrated.

A feature of the proposed model of a statically indeterminate reinforced concrete
beam with an increase in external load is the asymmetric values of the calculated pa-
rameters in two spans due to a significant loading step. When a crack appears in one
cross section in one of the spans of the beam, the stiffness and, accordingly, the forces
are redistributed, which cease to be symmetrical at the next step of increasing the load.

In addition, the calculation scheme is sensitive to details (modeling of beam support
areas, width of the concentrated load transfer zone, dimensional accuracy). For exam-
ple, in the limit state for the same beam with a support model on the platform, 100 mm
wide (Figure 4, ¢) and a model with an idealized point support (Figure 4, d), the limit
value of the load differs by more than 10%.

Simulation of the work of a statically indeterminate structure shows that with an
increase in the load in the beam, there is a constant process of redistribution of forces,
while when a new crack appears at the support, the bending moment “creeps” into the
span, when a crack appears in the span, the bending moment “flows” to the support.
“Swings” occur, the more cracks, the more actively, but with smaller amplitudes, the
buildup occurs. Each new crack unloads the adjacent areas due to the slippage of rein-
forcement in concrete and a decrease in stiffness and, as a result, due to the "leakage"
of the bending moment. This leads to a decrease in the opening of cracks in the sections
of the beam, unloaded by the bending moment. The redistribution of efforts goes in
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competing directions, this process is not directed in one direction (from support to span
or vice versa).

Simulation of the process of cracking of a statically indeterminate structure showed
that the area of cracking is much wider than a point hinge on a continuous support in
models of statically indeterminate reinforced concrete structures.
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Abstract

On the basis of deformational design analytical model of the cross section and block
model of reinforced concrete element, a new analytical model is proposed by the au-
thors. This model takes into account the work of tensioned concrete between cracks by
applying additional stress in the reinforcement (steel bars) due to the difference in rel-
ative deformations between the tension reinforcement and concrete during the for-
mation of a crack.

The developed model of analysis of reinforced concrete with cracks makes it pos-
sible to obtain the parameters of stress-strain state af the element in any cross-section
along the length under the action of a bending moment and a longitudinal force.

Key words: reinforced concrete, crack, analytical model, deformational model,
block model.
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Ha ocHoBe pacueTHO# AeopMallMOHHON aHAIMTUYECKON MOJIENN MONEPEYHOro ce-
YeHUs 1 OJJOYHOM MOJIENH 5KeJIe300€TOHHOIO 3JIEMEHTA C TPELIMHBIMU aBTOpaMH IPeI-
JIO’KEHA HOBAsi pacyeTHasi MOJIENb. JTa MOJIENIb YUUTHIBAET padOTy pacTSIHYTOro OeToHa
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