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Chapter «The general equation of dynamics», section «Dynamics», and condition of 
tasks for performance of calculated graphic works.
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INTRODUCTION
Tasks and methodical instructions correspond to basic curriculum (academic 

plan) of technical specialties and include short theoretical data, conditions of a task 
for performance of calculated graphic work and examples of calculations. At defense 
of calculated graphic work it is necessary to answer the questions connected with its 
performance and to solve control problems of its subject.

INSTRUCTIONS ON REGISTRATION 
OF CALCULATED GRAPHIC WORKS

1. Calculated graphic works are performed on standard sheets of the A4 format 
(210 x 297 mm) with a stamp of 15 mm and the indication of numbering of pages.

2. Registration order: the title page with the indication of option; a task with tire 
indication of basic data and schemes of designs; the text of the decision with neces
sary explanations and schemes; conclusions; list of literature.

3. Drawings and schemes are carried out with observance of rules of graphics 
and scales of the standard of university.

4. A text part is carried out according to execution requirements of text docu
ments. Calculations are carried out in a general view, in the received expressions val
ues of the sizes, the numerical result with the indication of dimension are substituted 
(entering them). The corresponding dimensions of the received values are specified in 
the answer. All calculations are made in decimal fractions to within the third sign af
ter a comma.

5. All drawings (schemes, schedules, etc.) have to be numbered, designated, 
mentioned in the text.

1. SHORT THEORETICAL DATA
The general equation of dynamics is applied to a research of the movement of 

not free mechanical systems, bodies or points of which move with some accelera
tions. According to Dalamber!s principle the set of the active forces applied to me
chanical system, forces of constraint reaction and forces of inertia of all points of sys
tem forms the balanced system of forces.

If to apply the principle of virtual displacement (Lagrange's principle) to such 
system, then we will receive the integrated principle of Lagrange-Dalambera or the 
general equation of dynamics: At the displacement of not free mechanical system 
with bilateral, ideal, stationary and holonomic of constraint reaction the sum of ele
mentary works of all active forces and forces of inertia applied to points of system on 
any possible displacement of system is equal to zero:

± S A ; +i s A t =  0 .
k=1

4



Expression can give other equivalent forms: a) in the form of a scalar product of 
vectors

b) in an analytical look

E [ K  + %  )S** + (F> + % )S y k + (Fb + 4>bySzk] = 0.

In these equations force of inertia of a material point <3>k ~ -mkak , and its pro
jection to axes of coordinates — -m kxk, (I>kt — -m kyk, <£>fe = —mkzk, then the equa

tions can be presented in the following form:

T l(Fk -m kak)-Srk = Q,
1

+ (Fb - ® A ) ^ i ]  = 0 .
*=i

2. TASKS TO CALCULATED GRAPHIC WORK
On the schemes given below, options of mechanical systems are given. Bodies 

of systems can move in the vertical plane under the influence of forces of weight, 
elastic forces of springs, friction forces (sliding and rolling friction) and the set active 
forces. Threads are considered as weightless and inextensible, their inclination is 
identical with an inclination of the corresponding basic planes. Rolling of bodies 
happens without slipping. All schemes need to be added with a spring of the set rigid
ity c which one end is fixed on a body 1, and the second fastens to the motionless sur
face located at some distance before this body.

The condition of system at t<0 is a condition of static balance. It is provided 
with action of forces of weight, friction and spring elastic force. At f>& the active 
force of is applied to a body J and its direction of action matches the direction of 
displacement of this body specified on schemes Si <S < S2, and the values of force 
depends on the reached displacement. (S  - intermediate position of a trajectory of the 
displacement of a body 1; Si — initial position of a body 1 at t=0; S 2 -  final position).

By means of Dalainber-Lagrange's principle to define the law of the displace
ment of a load 1. To neglect the mass of threads and elastic elements. To consider 
flexible threads inextensible. Swing of the skating rink representing the uniform cyl
inder happens without sliding. Numbers of schemes get out of the figure 1. To accept 
numerical data on table 1.
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Explanations to designations and numerical data: 
m i,m 2, m3, m4 -  the mass of bodies 1-4 expressed through a certain weight m, 
K, r -  radiu ses of circles of wheels (indexes indicate the corresponding body), 
h, h  -  radiuses of gyration of the bodies with respect to (wavt) axis passing 

through their centers of masses (if radiuses of inertia of a body aren't set, then it is 
considered a uniform disk),

a and /? — angles of the planes inclination,
/ and S -  friction coefficients of sliding and rolling (respectively).
Masses is set in kilograms, the linear sizes — in meters, angles ~ in radians.
The mass of bodies are accepted on formulas

m2=Kmrm, m.t nu=Kmrm.
Radiuses of wheels R2=0.30 m, R3=0 .19 m (if there is no instruction on the 

scheme),
Radiuses of gyration h~9.20 m, ij=0.15 m.
Friction coefficient of sliding f=0.2, rolling friction coefficient S=0.25-16'2 m. 
Angles a=Ka'7t/12 and fi=Kprn/12.
To accept spring constant on a formula c~Kc-mig/L, where g=9.Sl m/s2, L=L0 m, 
All numerical coefficients Kc) and dependence of iF*(S) are specified by

the teacher at delivery of a task, for example, as it is specified in the table 1.

Table 1 - Table of basic data

one by one
2 3 4

&mi 1.0 1.0 1.0

2.0 3.0 1.0

2.0 1.0 2.0

Km 1.0 1.0 1.0

K« 3.0 2.0 4.0

Kp ' 3.0 4.0 2.0

Kc 2.0 3.0 1.0

F’iS) M g-sitinsm i) Mg-S/Si Mg-(S/S£f

M 3.0-m 3.0- m 3.0-m

S3 ft J 0.5 0.5

Schemes of mechanisms are shown (figure 1).
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Figure 1 — Schemes of tasks by options
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Continuation o f the figure 1

Figure 1 -  Schemes o f tasks by options

Work is performed in the sequence:
- to show the scheme of the mechanism, supplemented by a spring;
- show all existing in the system of external forces and moments;
- to make calculated schemes and to define static deformation of a spring ***;
- to show system in any position (at Si<S <£,•);
- to find virtual work of the applied forces;
- to find acceleration of the first body, to carry out calculations for S=$2.
*** the static deformation of a spring is allowed to define by the principle of virtual 
displacement (Lagrange's principle).



Example:
Basic data: Kmi ~ 3, Km2 = I, Km3 ~ 1, K,„4 = 2, Ka ~ 4, Kc = 1,

M-3-m,  $2=0,5, Fct(S)=M-g’C ^ )—3-m 'g 'e<' ^ l=3'g-m-e2'0's. 
The mass of bodies are accepted oh formulas:
%  =  Km i ' ™ -  3m {kg], m2 = ifm2 ■ m  «  m [kg], 
m3 = tfm3 - m = m  [kg], m 4 -  Km4 - m = 2m [kg]. 

Radiuses of wheels k 2 — $ 3  m, ( R3 — i?2 = 0,3 m). 
Inertia gyration t2 = 0,2 m 
Rolling friction coefficient S  — 0,5 ■ 10“2m.
Angle a=Ka • £ = ■ * £  = !■
To accept rigidity of spring (constant) on a formula: 
c ~ Kc -m x ■ ~ — 3 ■ m - j  =  3 m ,g,

Decision:
We will represent the scheme of the mechanism added with a spring, and we 

will show all external forth factors existing in system.
We will consider the movement of the unchangeable mechanical system con

sisting of the bodies 1, 2, 3 connected by threads. The mechanical system has one 
degree of freedom. The constraint reaction imposed on this system -  ideal. For defi
nition of the law of the displacement of a load 1 it is applicable the general equation 
of dynamics:

o , a )

where ^<5̂  a -  the sum of possible (virtual) works of active forces on virtual dis

placement of system, -  the sum of virtual works of forces of inertia.
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Where Frol -  rolling friction; Mf -  the moment from rolling friction;

Fei -  elastic force; So -  position of a body 1 at not deformed spring, i.e. a body 1 is 
kept by some, external force.

Having set by the direction of acceleration a1, we represent on the drawing of 
force of inertia d̂ i,cf>3s and pairs o f forces of inertia with the moments M / ,  M f  n 
M f , and which sizes are equal:
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(2)
0, = 0 3 =

M® = Its2 = m ^ e t , M * - r  «,
~l C 3 * 3 ”  o *3. Af4

^  w 2.
r m4r4

= ̂ 4 = ~ - « 4 -

We will report to system virtual displacement and we will find virtual work of 
active forces as the sum of possible works:

Z S 4 = S A { % )  + SA(Pi ) + SA{F<)-rfA{F-) + SA(M f ), 

where: 5A-[P^ = Pl -Ssl ,

8A{Fj) = -Fa -5si,

SA{Fa) = F ^ S Sl,

S A [ M  f ) -  - M f ■ 8q>3, M  f  =N3 ■ 8  = / ’ cos a - 8 = mg cos or ■ 8,

We will express all movements through 8st , and accelerations through a3:

x  bs, 
&Pa=—L>

>4
_  «[ 

*4 — >

f , eu
j1] ai$2 ~ > 

h
Ss

* C 3 = < ^ - ^ = “
h

D Q \Clc, = E1-K1- ~ '

§m — *̂ C3 „  R2 A Si
f?} i?} r2 ‘

~ _  aCi _ -̂ 2 ai
3 ^  R3 r2

=m!g-8sl —Ftl •Ssl + F a •Ssl —m ^g-Ss^  -sina —M t

= m,g■ 8 s ,-F sl-8sj+ F “ -8st
ri

T> ’ j v A
• £ ’ S i n a - M r —

2 '  i?.

m .g -F , +F° - m 3g -— - s in a -M , — 1 
ri r2 'RJ

Elastic force of a spring is proportional to its deformation:

(4)

(5)

^  = * '( /* +*cj) = <K0.42 + *1), (6)

where f a -0 ,42  m it is defined in the previous calculated and graphic work [2]. 

Then expression (5) taking into account basic data will take a form:
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= j 3mg-3m g-(0,42 + s,)-t-3mg ■ e2i'' - m g - " - s i n a  -R,

—mgcosa -S -
h ' R}

R,Ssl - m g • S-S^O ^a + SjJ + S-e21'  ~-sina- (7)

Rn-cosa ■5---- — -(5s,.

We will find the sum of virtual works of forces of inertia:

= -& r Ssl - Mf-S<p2-M ? -S p A- M f  ■<%- 0 3-8sa  :

= -m,a, • Ss, -  m2i2 s2

Sq>2 2 v M  ■ 2 »

Ss, m}R} „ ^2 m4r42 m
r2 2 V3 ^ 2 r4

Ss, n .. . 2 a, Ss, mJL R, a, R2 Ss,-m3ac} — 1 • iq, = ~mya} - os, - /«2i2 • — —  ---- — — - — —L
r, k r, 2 R-s r2 7?3 r2

, 2 a, Ss, CL■ — tn3 L
r4 r4 r2 r2

, o
~r/b . \

h
mi R2

~

mA

7f,

We work out the equation (1):

mg-\ 3 -3 -(0 ,4 2  + 5.)+ 3 -e2'1 — —  -s in a -c o se r-8•— |-<5s1 +

-4- —~ \ m a ,  -Ss .-  0
2 r2* J

Having separated on Ss *  0 , we will receive:

*[3 — 3-(0,42 + ■s.WS-e2*1 -s in a -c osa - t ?  — ]-
V r2 r2 ' Rs J

+H - i r - f f h - o

(8)
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from where:

a, =-
g< 3 -3-(0 ,42 + 5l) + 3-e2' •sm a—cosct'S-

A h 3 R .4 + 4 r + ----f
r~ 2 r}

We substitute numerical values: 

g- j3-3 -(0 ,42  + s,) + 3
a. ~-

e*  -  • sin 60° -  cos 60° ■ 0,005----
0,15 0,15-0,3

„ 0,22 3 0,324+ . , + -
0,152 2 0,152

g  ■ (l,74 -  3 • i, + 3 - e2s‘ -1,732 -  0,0165)
4 + 1/78 + 6 ~

g-(0,0085-3-.v.+3-e2t!)
■— *---- “ 77^ ------------ - - 0,007 -2 ,49  + 2,49- e2\

I 1, / O
We build the schedule of dependence of ai(s).

ai, m

Figure 4 — The schedule o f  dependence o f  acceleration o f  a load Ifrom  coordinate
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