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Abstract

Functioning of power transfer by flexible link of frictional type in conditions of a dynamic loading is theoretically described. Small motions of power
transfer by flexible link of frictional type which allows to forecast unstable transfer operating modes are presented. Experimental research in the
obtained dependences are given and recommendations as to the choice of rational operational transfer parameters which ensure the rise in stability of

its movement are offered.
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UCCNEONOBAHUE AMHAMUYECKUX XAPAKTEPUCTUK NEPEOAYM MOLLHOCTW F'MBKUM 3BEHOM ®PUKLIMOHHOI O TUMA

A.T. BaxaHoBuy

Pedepar

TeopeTudecku onucaHo (PyHKLUMOHUPOBaHWE Nepefadn MOLHOCTM MMBKUM 3BEHOM (DPUKLMOHHOTO TWMA B YCMOBUSIX JMHAMUYECKOM Harpy3ku.
MpeAcTaBneHsl Manble ABUKEHUS Nepeaayn MOLLHOCTY FMBKIM 3BEHOM (PPUKLIMOHHOTO THMa, YTO NO3BONSIET NPOrHO3MPOBATh HECTAOUMbHbIE PEXVMbI
paboTbl nepeaaun. MpuBeaeHs! SkCNepUMEHTaMNbHbIE UCCTENOBaHNS MOMYYEHHbIX 3aBUCUMOCTEN W NPELNOXKeHbl PekoMeHaLmuy no BbIGopy pauuo-
HarnbHbIX KCMyaTaLMOHHbIX NAPaMeTPOB Nepeaayu, 06ecneymBaloLLyX NOBLILLEHNE YCTONYNBOCTY €€ ABUKEHNS.

KnioueBble cnoBa: nepefaya MOLWHOCTH, OPUKLMOHHAs bkas MydTa, AMHAMUYeCKas Harpyaka, HecTabunbHas pabota, paboune napameTpbi,

yCTOl;l\-MBOCTb OBWXEHNA.

Introduction

Despite the quasi-constant nature of the transmitted torque, slip os-
cillations are inevitable in a frictional belt drive (FBD), which in some
cases leads to slipping of the belt relative to the pulleys. and thus affects
the stability of the gear movement. This phenomenon contributes to the
occurrence of vibration in the drives on the whole, and the vibrations of
the belt legs contribute to the intense production of noise. The durability
of belts in suchlike conditions is also low, however, theoretically, such a
phenomenon has not been described up to now.

When analyzing large displacements, it was shown [1] that in certain
modes the FBD, as a coupling, is nonholonomic. In the work [2], a linear
equation of nonholonomic coupling was obtained, which is the result of
considering non-vibrational loading of the transmission. The authors of
works [3, 4] made an attempt to experimentally substantiate slip zones, in
which transmission can be represented as a holonomic system. The
drawback of these works is that the authors do not take into account the
change in the slip coefficient when the load fluctuates, and that is why
they could not explain the significant discrepancy between empirical and
analytical results in the resonant modes of operation. Thus, the issue of
the criterion for transmission holonomy at small vibrations remains open.

The aim of this work is to describe small motions of a system with a
FBD in a nonholonomic setting, which makes it possible to predict unsta-
ble transmission modes. It is known that a nonholonomic dynamical sys-
tem will occur if the generalized coordinates of the system are related to
the generalized velocities of the system and the kinematic coupling equa-
tion is not integrable.

Main part

To derive a FBD coupling equation, let's consider the processes of
changing the speeds of the driving and driven pulleys over a period of
time At when oscillating relative to stationary motion. Similar processes
of changing the speeds of the transmission pulleys occur in non-
stationary loading conditions and in the absence of torsional vibrations.
For the simplicity of analytical conclusions, let's assume the calculated
FBD gear ratio equal to one and At; = At, = At in accordance with
Fig. 1. Furthermore, we linearize the sections of speed change over the
period At, corresponding to the drop and increase in the load. At to, the
angular velocities of the driving and driven pulleys are respectively equal

to @19 and @y .
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Figure 1 - Change of angular speeds of the leader
and follower pulleys of power transmission by flexible
link of frictional type at loading oscillations

During the time At, these speeds will change and become equal,
respectively, ¢; and @, . In this case, the angles of rotation of the pul-
leys during the time At will be equal: for the case Aty

. g, At?
01 = (1oAY — 1, (1
2
. £, At?
Py = PypAty — 22 L, (2)

where €7 and €, — angular acceleration of the transmission pulleys.
For the case At,

. &, At2 . €,At?
01 = oAl +%- ¢y = PgoAl, + 22 z,
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With uniform rotation, the angular accelerations of the pulleys are
equal to:
for the case Aty

g = P10 —P1 , (3)
Aty
g, = P20 — P2 _ (4)
Aty
for the case At,
g = P1— P10 ey = P2 ~ P20
At, At,

We substitute expressions (3) and (4), respectively, in (1) and (2) and
express the time from these dependencies. We perform a similar proce-
dure with other formulas.

Taking into account that the time At is the same for the driving and
driven pulleys, we obtain the FBD coupling equation, both for the case of
At, and for the case of At, in the form

[ _ P2 (5)
Pr+Prg P+ Py

or
Q1 (92 +Pap) = P2 (41 +P1g)- (6)

Since the type of connections and their properties determine the form
of the differential equations of motion of the system, it is necessary to find
out the properties of the obtained kinematic coupling equation. Let’s
make an integrability analysis with the help of the elements of the Pfaffian
forms theory [5].

We write the equation (6) in the following form

(Pldd% ) % + (120 — P2P10) =0,
1Py —Pd@; + (@120 — Payg )t = 0. 7
It follows (7)
Adx +Bdy +Cdz =0, ®)

=@, B=—0; C= (0120 —9P10);
dx =do,; dy =de¢,; dz =dt.

where

An integrating factor for the differential equation (8) exists if the con-
dition is fulfilled

Al 3B 3¢ +B(£+5_Aj+c SA_3B) o
6z dy ox oz oy Ox

We calculate particular derivatives entering the condition (9)

oB 3¢, SA  b¢p . .
gz_ﬁz_%’ gZKZ(Pl,
&ZS(@l(bZO_(PZ(blO):(p _ %:8&:11_

8y 5y 2 sy S
8C _ 8(@1920 — 92010) . S—B——S&——l
ox 50, S T se,

Substituting these values of the derivatives into the condition (5),
after a number of transformations we find

P __ P2 gy P P2
G0 =P1 P20~ P2 Apy  Ad,

This condition means that the increment of the rotation angles per
unit of speed change for the driving and driven pulleys of the transmission
must remain equal during torque fluctuation.

However, in real conditions, because of the presence of an irreparable
lag of the driven pulley due to elastic sliding, we have

Py > P2

Q1> P A # Ay vm — — 2 - —.
P10 =P1 P20 —P2

Consequently, the equation of the kinematic connection of the FBD
(6) is non-integrable, that is, a kinematic connection carried out by a belt
in a friction-type transmission — flat-belt, V-belt is nonholonomic. Its
equation in general form [5]

n
=1

where U =1,2,3, ..., p; p - the number of linear nonholonomic connec-
tions, for our case p = 1; N - the number of the system generalized
coordinates (N = 2);

A =0y, A =01, & =(010p0 — PaPyo)- (10)

In differentials an equation general form can be presented in the
following way:

n
ZAvjd(pj +a,dt =0. (1)

j=1

As is known from analytical mechanics, a coupling type (11) meets
basic Hertz-Holder principle for the analytical mechanics of nonholonomic
systems. It follows from this principle that the relations for coordinates
O variations in the presence of nonholonomic coupling are obtained
from the equations of differential connections by discarding the term
which, in the equation, contains value dt (54) and replacing d¢p; by O;.
Thus, the coordinate variations O@; are bound by the relation

n
D Av;d¢; =0.
j=1

For the case under consideration, this allows to obtain

2
ZAVJ&PJ =0, um A0, +Aj3¢; =0,
j=1

0100, — 8¢, =0.

Considering small oscillations with respect to stationary motion and
assuming that the possible displacements d¢p; meet a number of coordi-
nate variation values d@;, we write, for small oscillations, a coupling
equation without a free term in differential form @,d¢@, —@,d@; = 0.

Dividing this equation by dt we obtain the constraint equation for
small oscillations

01y — 02y =0, W §, =42 G, =0, (12)
1

Thus, a free term a; does not have a significant effect on dynamic
processes during vibrations of friction belt drives and actually determines
only the initial state of the system. In the further analysis, we use equa-
tions with indefinite Lagrange multipliers and a coupling equation (12).
Such an equation has the form
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d8T ST _ 8 30, 0 LA (9
dt8xj 8xj 6x 6x

where j =1, 2, ..., n - the number of generalized coordinates; | - the
number of linear nonholonomic links; T - the kinetic energy of the sys-
tem; 'l — potential energy of the system; ® - dissipation function.

In addition, a linear nonholonomic coupling is laid on FBD system in
the form

ARX +ARXy +..+ ArXp: R=1,2,..,1. (14

To use these equations in the study of small oscillations with respect
to stationary motion, it is necessary to pass from the original equations to
the equations in variations, replacing the coordinates X; with Q; j

X; = X;(t)+q; }
xj =x; (t)+q;

For the PBd, the generalized coordinates are @1 n @, (N = 2).
That's why

¢ = (Pl(t)+Q1}

¢ :¢1(t)+ch '

) :(Pz(t)+Q2

. s G201 — 91, = 0. (15)
G2 = (t)+0,

Thus, a dynamic FBD system has one degree of freedom of move-
ment, since N = 1.

The transition to equations in variations is carried out as follows.

We perform the calculations of the terms Ei ﬂ 6—“ and

dt ox; " 8%, 8x;
then, in the obtained equations, we expand all the terms in the degrees of
variation and restrict ourselves to only terms of the lowest orders.
Generalized forces are calculated taking into account the selected
new variables. These forces can be calculated as coefficients for possible
displacements in the expression of virtual work. The transition from the
coordinates X to their variations g must also be performed for the non-

For simplicity, we denote all lower-order terms by A" . Then
A=y +A

Kinetic energy is expressed as a quadratic form of generalized veloc-
ities with coefficients ay;, which are determined by the coordinates of the
system

.2 .. .2
T = 8ud + 28,0102 + 89297 _
2

After the differentiation operations with respect to generalized coor-
dinates, we have

(18)

.. . 1déa,., oa,.. 1da,, .
a11(P1+a12‘~P2WL_&%Z*'&%(Pz__ 2 (Pg
+i(92 QL (01 P25 P3P, ) + A,
3¢,

. . 1da,, . 08y, . . 1 da.
APy + 3ol + 5 6@22 o5 + S 002 —56—1@5

2 1
(20)
oa

812 @f —Qz((Pl 025 ¢1; (P2)+A27L

P

We obtain the equation of disturbed motion. Using (15), limiting our-
selves to terms of lower orders and omitting transformations, we have the
following equations:

- for stationary movement

18a11 .2
e kY
2 50, 0(P1( )

da.
+ 12

6 . Loy (t) o () +

lo®3 (1) = Qulo + Allgh,

P2

oa . .
2 50, lo®3 (1) + 8;12 lo®y (1), (1) +

1day,

holonomic coupling equation (14). For the considered movement of the (22)
belt drive, we will have a nonholonomic coupling equation in the form 8"3112 | 1day, oy
o3 (1)~ 250 0®% (t) = Qalo + Aglghg.
Ay + Ay, = 0. (16) 2
- for oscillations (in variations)
Expanding A1 = A1(@1; @) n Az = Ax(P1; @») in the degrees
of variation and restricting ourselves to terms of the lowest orders, we . . Sa. day; .
obtain aygloly +ayold; + 30, —lody (t)1o0y + Io‘Pz (t)loGy +
ﬁ el da da :
A= Alo + 0q1+ 3, lodz + 1oy (t)lodp +2—22 2o o (t ) o2 —
A2 Az 3¢, 3¢,
I+ vz 7) da. 6Q 3Q 0Q;
Fe = felo Oql Oq2 ——21o0, (t oGz = — |oQ1 +—Eloly + —FloGy +
S0, 3¢, 3¢,
When decomposing, we use a usual method: we assume all coeffi- 3Q, SA 8A
cients to be constant. In the equations (13), the terms with the index "0" +—=140, + —=lgho; + —Iokoq2 + Ao\,
correspond to stationary motion. 3¢, 3¢, 3¢,
The equations with indefinite factors for the FBD then take the form
ae .e 22 . -
d 8T d 8T ay,lolh +axlpd; + lo®2 (t)loG2 + |0(P2( oG +
— __Ql Ak, ———— ——Q2+A27v 2 3¢,
dt 8¢; o dt 3¢, OS¢, sa sa
. +£|0¢1(t)|0% +2—12|0¢’1(t)|0q1+
where Q1, 1 Q. - generalizing forces. o 3¢,
An indefinite factor A is the function of coordinates and velocities. 1116 (t)l G, = 8Q, oGy + 8Q, o, + 8Q, oGy +
Expanding it into a Taylor series after the transformations, we obtain 5 oL oM o o 3¢, 02 o ot
S A 5A :
+—=1gA00; + —=1gAo0s + AslpA'.
=Xy + z quJ +Z quJ 5, ° o1 50, ° 0d2 + Aglg
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We divide the generalized forces into two categories. To the first, we
refer the forces that have potential (1), to the second — all dissipative
ones (9)

1
=2 (buy0f +20150107 + 2203 ),

1 .2 2
@ = §(|11(P1 + 2012010, + |22(P2)-

Then
SIL, 30 SIT 5D
ly = ———I | 2y =1,
Qo S, o 5 Py + Qo= 8(Pz ° 3¢, °
&| - 62H| . 8al| _&| _82_1_[
8o 0 592 O 8g, 0 By 0 8050,
8Qp, _ &M . 8Q, _ &0
Sp, ° 6g2 O 00y 0 8g2
3Qu _8Q, _ F . 8, _ &0
5p, © 3y 3p18p, 8, 8¢5

If we introduce a double notation, then the equations of small oscilla-
tions of the system under consideration with respect to stationary motion
can be written in the form:

a1y +ayp0; + (|11 + |~11)(fh +l1oGp + 7105 +
+(byy +b{1) 0y + (b1 + b5 ) = Ao},

8,0y + a0, + |12d1(|22 +l )Q2 + 7201 +

(23)
+(b12 + bél)ql + (bzz +bg, )QZ = Aglp)’,
where
. . . 3Q 3Q.
A =anly; 81y =aplo; Ay =plos by =——2lo; |y =——%1
1 (Pz
6Q; 6Q2 _ dayy day,
li, =——=ly; |,y = | | +—=|
12 56, 0r l21 5(p1 11 = 59, 0P 50, oP2;
~ da, . o8, .. . oda . da, . oa,
Ipp = —221oGp + —=lofr; T = Alo% + 2712'0‘!’2 2oy
3¢, 3¢, 30, 30, 3¢,
a. a a.
72 :78 L5, +26 22 10y + i lo®z; bip = ﬁlo = S5 lo:
3¢, o 3¢, 3¢, 3¢,
3Q, . _dQ , 5A1 5A1
by :_7”0: by, = —2 lo; by = I07“0 b, = loro:
3¢, 3¢,

6 ’
e loho: bap = 7A2 lo%o-
P1 3¢,

! —_
b21 -

In this case, the terms /11 ¢, , 12, , k2 G, have the form of dissipa-
tive forces, aItho~ugh they are not connected with the dissipative function.
The terms 7y1Q, u 7YpQjare "gyroscopic" forces cumbl

|71| = |3~’2| =Y
Then, after a series of transformations, the equations in variations
can be written in the form

a0y + a0, + (|11 + |11)C11 + (|12 +l1z )CE +

' (24)
+vd, + (bll + bil)Ql + (b12 + biz)Qz = Ao},

8y, 0 +a,,0, + (I12 + rzz)ql + (Izz + I~22)qz -
—yGy + (Brp +051) 0y + (05, + b2y ) A, = Ajlo).

(25)

We obtain the value A, using equations (21) or (22) and assume it to
be known. Since in the above two equations (24) and (25) there are three

unknown values - C1, Qo 1 A’ it is necessary to add the nonholonomic
coupling equation to them (16), replacing the variables in it with their variations

1) 1) o)
(Plﬁloch + (Plﬁlqu + ¢ i|oc11
6 01 6 (07 6 01 (26)

. O . .
+¢y %lo% ++Ado0y + Aglpd, =0
2

To determine the expansion terms of the lowest orders A", which are

equal to A' = z quo +Z

an indefinite factor )\ as the funct|on of the coordinates and velocities of the
system A = x((p i P ) To do this, it is necessary to differentiate the

|qu y, it is necessary to find

n
nonholonomic coupling equation (6) E ZAvjq jta, |= 0
dt =t

Transforming (19) and (20) to the form
iy :M, (G :M,and substituting them in (10),
4, 7]

We express A = 7\.(([)]- oy ) which expands into a Taylor series with

the definition of the expansion terms of the lowest orders.

To draw up the equations of motion of the belt contour as an auton-
omous drive system, it is necessary to determine the kinetic and potential
energy of the system.

Kinetic energy:

- for the drive pulley

T = E‘qu)%’
- for driven pulley
1. .,
T, ==3,¢3,
275 202

where J; n J, are respectively the reduced moments of inertia of the
driving and driven pulleys.

On the other hand, in the accepted notation

1 .5 1 )
T, = Eall(Pl PR Eazz(Pz-
We define potential energy as
2
M= C(p ((Pl - (p2)
2 L)

where C, is the torsional stiffness of the transmission.

Since the influence of elastic slip on the relative rotation of the
pulleys is several times higher than the deformations of the belt legs, the

value C, will be set as depending on the value of resilient slip &

_ M2|0
® 2ng’

The angle of rotation of the driven pulley can be determined from the
coupling equation (12), setting the angle of rotation of the driving pulley

60
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¢
®2lo =2 1o.
P
Since J1 1 J, do not depend on the angles of rotation of the FBD
shafts, the equations of stationary motion (21) and (22) will take the form

Qilo +Alorg =0,
Qulo + Aglghg =0. (27)

From the equation (27) we find Ao

1 1
ho = I, :Cw(&—l+&jlo.
A (o ol

The equations in variations (24) and (25) for the belt drive at
J; = const uJ, = const will assume the form

oIl [0)
Qilp = —£|0 =C, [(Pl 0] +A]A1|o =0lo,

&10p +l11Gp + 11505 + v, + (b11 + b1’1)Q1 +
+(b12 + biz)Qz = Adg),

o0 + 126y + 150, + (b +bsy )y +
+(b22 + béz)Qz = Aglp)".

We reveal the values of the terms on the left-hand sides of the equa-
tions (28) and (29)

|11 =C (@2 (pZ (pZ(leIO =C N1|O!

(28)

(29)

P2 O <Pf

2
|12 :C(p (Pl (Pl (p2 IO =C N2|0,
(Pz (Pl o

. .2
—‘?—2+‘f’—§]|0 = C,Nglo.
(O]

[“’1 ~1+ ‘sz|0_c Ny,
2 ¢,

bi; =0; by, =

B, &Jr&]lo =C,Nslo. (30)
(O] P O
.2 .
¢ 9
i3 o '

byy = kg, by =0

bl =R lp :CQL_

In what follows, for simplicity of notation, the index "0" will be omitted,
ie. g =A.

Differentiating the nonholonomic coupling equation (17), we obtain
P = P1 — 1P + P2P1g ) (31)

P1

¢, =

From the equations of stationary motion (21), we express @; u @,
respectively

C
<f>1=——"’(cp (Pz"'(pz(sz +%23, (32)

Jy (0 Jq

Dy, (33)

B, = Cy 101
? Jz Jz

—Pr+ Qs ]
0,

Substituting (32) and (33) into (31), we obtain

Expanding (18) in a Taylor series and discarding higher-order terms,

we obtain
¢+ ‘sz

&«»[wﬁn _ drz0 , Dopio
AT

P o (34)

P20, ]7

002
[(p —¢ +
P

‘]ll

2
P2, P
o1 I

C, ((pl 14 (o ] 402 Csp(pZ [1(])2(ng+ P10 92910
I, \ 9 P J1¢1 Py <Pf P <Pf
105

J; Jl‘Pf
C"’[—q)i+1+(,bl]— C, {ﬁ—l+¢—2]+¢2¢;20 @1‘1’10
_ J; (0% P2 3101\ ¢, P (2% (Pl
29, n P ’
101 Jr0,
Cq’(% P (i)z(Pl] n Co2 [(Pz P29y
¢ 02 ¢f ) 30F (&2 o  ¢f
P2 PP,
VPRI

&(<P1¢1+(P2¢>1+ﬂ]_ Co [_‘P2¢1_%+(P2]_¢20+%
N G 9p) Iy (b% 0 ¢ 0o, 0

20:0, (Pz(P%
o5 07

where

P20, j_ P20 : P2P10
2
P1 (0

After substituting the obtained coefficients (30) into the equations
(28) and (29), taking into account (34), we will obtain

16y +C NGy +Cy N,y +CoN3ty +(CNy + 2 )dp =

) ] (35)
= Al(qul +Ka0, + K3ty +Ky0p ),

J,0;, +C¢N3ql +C,Nsq, + (C¢N4 - ko)Ql +CyNgd, =

) ) (36)
= Ay (Kky0y + ka0, + Kty +Kydy ).

To the obtained equations of motion (35) and (36), it is necessary to
add a nonholonomic coupling equation in variations, which, taking into
account (26), will have the form

10, — P20 +Pp0; — @10, =0

For the joint solution of (35) and (36), it is necessary to determine

from the coupling equation in variations the variation of the coordinate

P12 — P2~ P2 gng substitute it into the
P2
equation of motion of the driven pulley (36).

01, equal toqg; =

Similarly, the deduced coordinate variation must be substituted into
the equation of motion of the driving pulley (35).

Omitting the transformations, having performed these operations and
made the adduction of similar terms, we obtain an FBD analytical model
for torsional vibrations, i.e. equation of small oscillations regarding
stationary movement
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J101 + 291Gy + 24,04 + 2330, =0 }
Jo0iy + Zp90y + ZppUy + 253G, = 0]

where

P2 | Pk
(2 P
k
Zyp = CNg +(CoNy + 20 ) 22+ P22 _ pie,
(1 P
L
P1 P1

2
K
2y = CyNs —(C,N, —xo);{’—u%— Aky,
2 2

P2 P2
k
2 2

To study the stability of the FBD motion, it is required to solve a sys-
tem of motion equations (37) or obtain a characteristic equation and solve
its roots. We use the operator notation. The system (12) is transformed to
the form

(lez +Z1P+ 25 )Q1 +213p0, =0,
Zy3P0; + (szz T 2P+ 2y )Q2 =0

As a result, a homogeneous system of linear algebraic equations
was obtained. For its solution to be non-trivial, the determinant of this
system must be equal to zero. Expanding the determinant, we obtain
a characteristic equation of the system in operator form:

2
+(211221 +31Z95 — 2132753 ) p-+ (38)

+(~]2212 + 215251 + 721125 ) P+25Zy, =0.

In view of a significant complexity of calculating the roots of the
characteristic equation of high orders, we will use the method of ap-
proximate calculation with the help of stability criteria. We use
Mikhailov stability criterion [6]. This criterion envisages the use of a
frequency hodograph D (j u), which can be obtained from the char-
acteristic equationat p = j u.

We replace p by ju in polynomial (23) and select substantial and im-
aginary parts

D(jv)=U(v)+iV(v). (39)

Taking into account (116), the expression (117) is transformed to the
form

U(v) =13, p* - (211221 + 9127 — 213253 )V2 + 215255,

V(v)=—(Jz11 + J1221)V3 (32245 + 20925 + 291755 ) V-

The curve described by the end of the vector D (j U) when the fre-
quency changes from zero to infinity, is shown in accordance with Figure 2.
It was obtained for the FBD of the RUVI kitchen machine with the
parameters: J; = 0,009 Hmc?; J, = 0,004 HmcZ, Dy = 18,5 mm;
D, = 82,5 mm.

V(o) #

v=10
/f v=1
v=0

_U(U) Q %
v=40

\

L=200

U (v)

-V (v)

Figure 2 - Mihajlov Frequency hodograph for the
transmission of power by friction type flexible link

Conclusions

The frequency hodograph begins on the positive part of the real axis
and traverses four quadrants sequentially in the positive direction. There-
fore, in accordance with Mikhailov's criterion, the dynamic system of the
transmission under consideration is stable. The boundaries of the stability
regions of the stationary motion of the FBD can be estimated by the
decrease (loss) in the angular velocity of the driven pulley from the load.
If, as is customary in the theory of belt drives [7-10], the loss of angular
velocity is estimated by the value of the resilient slip coefficient, then a
stable operation of the considered FBD under the condition & < 5% will
be observed at 2Fy = 53,5 N. Thus, for increasing the stability of move-
ment, the value of the belt pre-tension should not be less than the per-
missible values.
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