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SHVYCHKINA A.N. Computer realization of the analytical method of integrating the equations of Abel

In this paper we represent a mathematical technique leading to the construction of exact analytic solutions the Abel equation. The examined non-
linear ODEs admit exact analytic solutions in terms of known tabulated functions. The computer method of building a general solution the Abel differen-
tial equation and example are considered.

YK 517.91, 004.9
Chichurin A.V., Stepaniuk G.P.

COMPUTER CONSTRUCTION OF THE GENERAL'SOLUTION OF THE
SPECIAL FORM OF THE ABEL DIFFERENTIAL EQUATION

1. Introduction and statement of the problem
In the papers [1, 2] the method of construction of the nonlinear differential equation of the second order of the form

a(x) y"+b, (x)y"+b,(x)yi+ by (x)y'+b,(x) =0, )
the general solution of which has a special form
0, (x) =C.0, (x) exp (A, ¥(x)) ¥€.0, (x) xp(A, y(x)), @

where C, (i = 1,2) are arbitrary constants, ¢I (x) (j = 1,2,3) are given twice continuously differentiable functions of variable X ; A , A,

are given constants was considered. Such problems are classical problems of the theory differential equations. For example, in the paper [3] the follow-
ing formulation of the problem is given: “setting the formpof ‘a differential equation, it is necessary to seek different forms of a general solution of this
equation and existence conditions of these forms". This task is interesting and because the equation (1) by substitution

y'=z, ©)
reduces to the Abel equation of the first kind [4]
a(xz'+b, (%) z° +b,(x)z* +b,(x)z+b,(x) =0 )
which plays an important role in the theory of differential equations and its numerous applications [5, 6].
In this article the program listing by which'the analytical method is implemented for the two differential equations (1) and (4) is given. We also give a
visualization of the obtained partial solutions.

Considered analytical method basedon the following two theorems, which have been proven in [1, 2].
Theorem 1. Equation (1) has a general solution of the form

Cilexp(A, y - [ndx)+C, exp(A, y+ [Edx)=1, (5)
if the conditions
bi[(xf -AA, +2,7)a’ +3(bb, +ba'~ab,')-b’ ]| =0, (6)
(227 =370\, =3 N +2X.%)a* =3(A7 =, A, +A7)a’ b, +

+b’ +9b, (b'a-a' b -3b, b)=0 )

fulfilled and. the relations

A, _ A

a:3b(b1—()\2—2>\1) a), n—3b(—b1+()\1—2)\2)a) ®)

0 0

are held.

Yuyypun AnekcaHdp Bsiyecnasosudy, 0.ch.-M.H., npocheccop, 3agedyrowjull kahedpoli OughhepeHyuanbHbIX ypasHeHul U Mamemamu4eckol ¢usu-
Ku BocmoyHoesponelicko2o HayuoHasHo20 yHugepcumema umeHu Jlecu YkpauHku.

Cmenartok anuHa MempoeHa, cmapwul nabopaHm kaghedpb! dughhepeHyuanbHbIX ypasHeHUl u Mamemamuydeckol ¢husuku BocmodHoesponel-
CKO20 HayUOHanbHo20 yHusepcumema umeHu Jlecu YkpauHku.
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Theorem 2. Abel differential equation of the first kind (4) whose coefficients satisfy relations (6) and (7) has a general solution of the form
eh yr] — CEe‘” dx+[E dx+A, y

= Ale)\l y + C)\Zejn dx+[E dx+A y (9)

where C is an arbitrary constant, variables Y and X connected by the relation (5); functions & , 1 determined by the formulas (8).

2. Description of the solution algorithm for the problem
We introduce the reductions: ft=Flatten; sp=Simplify; fs=FullSimplify;
Let us define the equation (5) as eq?

eql=g3 [x] == e’ €194 [x] + e’2r €27 [x];
Differentiating the relation eq? we obtain
eq2 = D[eql,x]//sp
e’ "oy (0, [x]y 6] + o1 '[2]) + e =7 F ey (A0, [x]y ' [x] + @, "[x]) ==5"[x]
We solve the linear system of equations eq1, eq2 with respect to unknown <4 and €5
soll = Solve[{eql,eq2).{c,,c, }]//f];
Differentiating the both sides of equation eq2 and substitute values €4, &5 from sol1. As a result we obtain equation. (1), which is denoted as eq3
eq3 = D[eq2,x]/.soll//fl;
Let's find the relation between the coefficients of equations (1) and (2)

expl = Collect[Numerator [Tugether [qu [[1]] - eq3 [[2]]” SN =l [x], vk
eqd = a[x] == Coefficient[expl,¥"[x]]//sE

eq5 = b,[x] == Coefficient[exp1l,y'[x],3]//sp

eq6 = b, [x] == Coefficient[expl,y'[x],2]//sp

eq7 = b, [x] == Coefficient[expl,y'[x],1]//sp

eq8 = b;[x] == Coefficient[Coefficient[expl, ¥'[x], 0], ' [x].0]//sp

alx] == 2,0, [x](ws[x]e, [x] — @1 [x]@s " [x]) +Rpon[x W —os[x] 0, [x] + @, [x]@;" [x])
Bolx] == A1 A, (=4 + Ao) @y [X] s [x] 05 [1]

by [x] == 22, A0, [x] (@, [x] @, "[x] + @, [£le, [<]) + 230, [x](@s[x]e, [x] — @4 [¥] @5 [*])

+ Ai @, [x](—@a[x] o, [x] F@u[ e [x])

by[x] == A1 (es[x] (_2991'1 [x] ‘P:f [x] + @, [x]‘PEH [x]) + ¢, [x] [2?91'. [x] s 'l[x] — [x]‘Pa” [x]))

+ 4, (0 [x] (20, [x]od <P [x] o, " [x]) + o4 [x] (-2, ' [x] 5 [%]
+ @2 [x]ey " [x]))
by[x] == @z [x](—@; [x]e," [x]®e; [Fe; "[x]) + o, [x] (05" [x] @, [x] — @ [x]es" [x])
+ o [x](—s [x]o; 'Tx] + o, ' [x]e;" [x])
To simplify these relations we introduce the funetions
g0 0 00 0
by 0, o, ¢
svsl = (F[x] == qu'[x]_fp:;"[x] ol == fPSJ[x]_fpiJ[x]
Lo e KL o RN
sol2 = Solve [§ys1, @, [x], @, []}]//£t
Pl = {@ [x]@, [¥l@,[x] = P[x]])
eq4n = (eq4f.D[sol2,x]/.s0l2//sp)/.pl
a[xJ A Gzl d L S [x] ==
eq5n = (eq5/.D[s0l2,x]/.s0l2//sp)/.pl
by [X)E= 412, (=4 + A )¥[x]
eqbn = (eqb6/.D[s0l2,x]/.s0l2//sp)/.p1
(A3n[x] + A3¢[x] — 2444, (n[x] + S [x]D)[x] + by[x] == 0
eqin= (eq?f.ﬂ[snl?,x]f.snlz_ffspjf.pl ]
by [x] + ] (A, (nlx]” + 2n[x]¢[x] — 7' [x]) — A, (2n[x]E[x] + &[x]" + &' [x])) == 0
eqdn= (eq8/.D[s0l2,x]/.50l2//sp)/.p1
by[x] + ¥[x] (n[x]*¢[x] — E[x]n'[x] +n[x] (T[x]* + &' [x])) ==

Ji

n=-—"---"- v =6¢¢,9,. (10)
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From equation &g 37 we find function () and substitute itinto equations &g 41 and £ &11. Then from the resulting equations we find functions & , n.
sol3 = Solve[eq5n, Y [x]]//ft;
sol4 = Solve[{eq4n,eq6n},{n[x] {[x]}]/. 5013/ /sp/ /It
] = Ay (afx] («113b 24;) — by [x])’ £[x] > Az(a[x](24, —45) + by[x])

olx] 3bg [x]
We substitute these functions into equations g 7 11, eq 81
eq9 = eq7n/.s0l3/.D[sol4,x]/. sold//sp
a[x]*(A1 — Aydy + A7) — by[x]* + 3By [x] (By [x] + a'[x]) — 3a[x]& [x]

bg [x]

eql0 = eq8n/.s0l3/. D[sol4,x]/.s0l4//sp

1 , , - ,
(a[x]? (=24 + 3434, + 32,23 — 243) + 3ax]* (A} — 2,4, + 22)bflx] — by [x]®

bo[]
+ 27 by [x) by [x] + 9b, [x]b, [x]a’ [x] — 9a[x]b,[x]b, [x]) ==.0

Equations €4S, €4 110 coincide with the equations (6), (7) and replace rules so/4 have the form (8).

We check that the relations (5), (8) define the general solution of equation (1) in an implicit form with'coefficients satisfying the conditions (6)-(7).
intl =1==c¢, el yE—Inlxldx c, ey lal+] £l dx,
pZ = Solve[{eq9,eq10}, {b, [x] b, [x]}] //ft.
p3 = Solve[D[intl,x], y'[x]] //ft//sp;
p4 = Solve[D[intl,{x,2}]/. p3,¥"[x]]//ft//sp;
eqll = a[x]y"[x] + by [x]y'[x]* + by [x]¥'[x]* + b, [x]¥'[a] + b;[x] == 0;
eqll/ D[p2 x]/.p2/.p3/.p4/.D[s0l4,x]|/. 5014/ /sp
True

We prove that the forms of the general solution of (1) and (5) are connécted to eachother by the first two equations of the system (10)
p3 = sysl/.Equal = Rule;
intl/.p3//sp
e? e, gy [x] + et ey, [2]

@3 [*]

Let’s turn to the study of the Abel equation (4), which is defined as eq12
eqlZ = eql1/.{y"[x] - 2 [x],Y[*)= z[x]]
z[x]*by[x] + z[x]*b, [x] + z[x]Hafx] + By[x] + a[x]z"[x] ==
We define the general solution (9) as the int2
int2 = Solve[D[intl,x]/. y'[x] = z[x], z[x]]//sp//ft

ol - e?¥ e plx] — M el (=] da+1; vlx] c,&[x]
Z|x
e":l"_}-[x] 61‘11 + e.r nlx] ix+‘|- e:-'F[x] |'.'|.'I+-j|.:)'[x] C'*.“’L.-
We check that the replacement rule int2 determines the general solution of equation eq12

eqlZ/.D[int2, x]/.¥'[x] - z[x]/.int2/. D[sol4,x]/.s0l4/.p2//sp
True

==

==1

Remark 1. If you entera substitution £ = ¢ * £ in the ratio int2, there remains only one arbitrary constant.
The other simulations of the general solution for the special Abel differential equation were constructed in [7].

3. Visualization of partial solutions of the Abel equation
Example 1. Let

Then equation (9) takes the form
3c,xe™ +2c,e™

Z:_c)\ x’e™ +c A\ xe -
11 2" "2

(12)
and the corresponding Abel equation (4) is written as
, = 3NXZ = NIx*Z7 (A, Xz +2) + A xz (Aix*Z* = 2,z ~10) + 6),xz ~ 6
(2x, -3),) x? : (13
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In this case equation (5) takes the form
x* (cxe™ +c,e”) =1, (14)

Thus, the general solution of the Abel equation (13) is defined by equations (12), (14). Eliminating from equations (12), (14) the variable y we ob-
tain the function relating to the variables X and z

AXxz+3 § _ AXZ+2 "
e, x*((A, -A,)xz+1) cx* (A, -\)xz-1)) - (15)

By using command Manipulate [8], we generate a version of the partial solution (15) with the control added to allow interactive manipulation of the
values of )\1.)\2,0 C

12

ap = Appearance — "Labeled"”;

Manipulate[ContourPlot|
3+dlxz 2+A2Zx=

il
el #2(1+x(A1 —22)z) (CE A{A2-A)xz—1)
fx,—3,5),{z,=5,5), Exclusions = {x == 0},
ContourStyle — {Thickness[0.008]},
FrameLabel + Automatic, PlotPoints — 500],
{{A1,2,2,},—50,50,ap}, {{A2,3,A,},—10,10,ap},
ffel,-1,¢,},—-10,10,ap}, {{c2,1,c,},—10,10,ap}]

Evaluate[( ]j‘z == 0],

& Ell 2

0 @ H—i
- B @l

2L 4

Figure 1. The graph of the partial solution of the equation (13) for A =2 , A, =3 ,¢, =1 ¢c,=1

4. Solution of the Cauchy problem for the Abel equation
Consider the solution algorithm [9] of the Cauchy problem for the equation (4) with given initial condition

z(x,)=z,. (16)

Qdusuka, Mamemamuka, UHghopmamuka 73



BecmHuk Bpecmckozo 2ocydapcmeeHH020 mexHU4YecKo20 yHueepcumema. 2015, Ne5

a

o o

)
)
)
d)

e)

The stages of the algorithm as follows:

Suppose that the first three coefficients a, b,, b, , of the equation (4) and values A ,A, are known;

Then, according to equations (6) and (7) we can find the coefficients b, , b, ;

Then from equation (8) we find functions &, n;

Substituting these functions and values X,z from condition (16) into equations (5) and (9), we obtain the linear system of two equations with
unknowns values C,,C, . We solve this linear system.

Let's substitute the values C,,C, into equations (5), (9) with known values A ,A, (from equation (18)). From the first obtained relation we find the

function y (X) and substitute it in the second equation, which will determine the solution of the Cauchy problem. If suchssolutions are several, it is

necessary to choose the one that satisfies the initial conditions (16).
We demonstrate action of this algorithm on the example.
Example 2. Suppose that coefficients of the equation (4) have form

a=tg(x)-2ctg(x), b, =2, b, =-3tg(x), (17)
and values A, A, from the equation (5) are the following
A=1.A,=2. (18)
Set the initial condition
x, =Nz =2. (19)
4

According to item b) we find the other coefficients of equation (4)

b, = —%(3005(2x)+5)csc2 (x).b, = (cos(2x)+2)csc(x)sec(x). (20)

2

According to item c) we find functions

& =-tg(x),n =cty(x). 1)

Substituting functions (21), values (18) and the values X,z from condition (19) into-equations (5), (9) we get a system of two equations. Solving this
system we obtain (according to item d))

“y(3) 2y(5)
3e e *
C,=———4C =— . (22)

N N

Substituting values A ,A, from (18)and c,,c, from (22) into equations (5), (9) we obtain

Raat (Seym csc(x)+2e™ cos (x)j =242, (23)

y(&

~8e’ “ctg(x) —2e"sin’ (x)

2(x) . (24)
3e"" —2e™sin(2x)
We solve equation (23) with respect to y (X) and substitute this function into equation (24). From the two branches of the solution
(x) sin? (x)csc(2x)(\/9csc2 (x) —16+/2cos(x) +(6cot’ (x) - 3)esc(x)) -
Z\X) = ,

\/9cscz (x) -16+/2cos(x)
csc(2x)(sin(x)(sin(x)\/chc2 (x) -16+2cos(x) + 3) - 6cos(x)cot(x))

204 \/9CSC2 (x) -16+/2cos(x) )
(

we have chosen/the solution (25), since it satisfies the initial condition (16), (19). Graphs of these solutions represents on the fig. 2.

y
4
5k
L = . l I L L ; x
-15 -1 -05 05 oo (o
A,

Figure 2. The graphs of the solutions (25) (blue curve) and (26) (dashed curve)
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The red dot is determined by the initial condition (19).

5. Solution of the Cauchy problem for equation (1)

The solution of the Cauchy problem for equation (1) will be shown by the following example. At the same time we will use the algorithm from paper
[2].

Example 3. Consider the equation (1) with the following coefficients

oz 3(B+20x)  4(u+20x) :33(B+2qx)+40(p+26x)

= , b,=84, b, , (27)
y+ox® +Bx v +0Ox® +ux y+ox® +Bx v+ 0x® +ux
where a,f3,y,0,l,V are constants. Let, for example
A, =-4, A, =3. (28)
We substitute relations (27), (28) into system (6)—(7) and find functions b, , b,
+Xx(B+ax))(25(2y+16ax® +9Bx) + 7u (B #2ax
2 3(82—c>(y+3c>(2x2+30(Bx)+(y (B ))( (2y Bx)+ 7u (8 ))
v+ x ([ +3x)
b, = > (29)
(v+x(B+ax))
b - Z(sz —ayd +Byd +8a’dx° +3ax’ (ap +3B3) +3Px (ap + Bé)) )
3 (v+x(B+ax)) (v +x (1 +5x)) |
Then we substitute relations (27), (28) into equation (8) and find functions & , n.
|+ 20X _ B+2ax
- . n= . (31
v +0X® + X y+ox® +Bx
The general solution of the equation (4), (27)—(30) is
ce™
———+c,e” (v+ox® +ux) =1. 32
T e o o) (32)
We define the following initial conditions
y(0)=1 vy (0)&-1. (33)
We differentiate the relation (32)
4 C, B +2ax +4y (y+x(B+ax
c,e” (u+26x+3y (v+x(u+6x)))— ( ( ( ))) = (34)

(v+x(B+ax))
We substitute the initial conditions (33) in equations (32), (34).and solve the obtained system as regards constants C,,C, . We substitute values C,,C,
into equation (32). As a result we find solution of the Cauchy problem

! -3
a0 [ff(((ﬁ - 0(\:()) +(B-4y)e” ™ (v+x(u+ 6x))J

=1. (35)
BV +y(u-7v)

The graph of the partial solution (35) for values.of
a=4B=2,y=16=-2,u=-3,v=-4 (36)
represented on Fig. 3. Two closed curves which correspond to two branches of the solution showed on Fig. 3. Through the point, defined by the initial
conditions (33), the right branch of the solution passes. Fig. 4 shows the positions of the branches of the solution (35)—(36) in the neighborhood of point
with coordinates (0;1).

-2 T T T T T T T T 7T T T T T T T LI | T T T T | B | T T T | B | T T T T T

-3 —20 -110 L] 10 A 34

Figure 3. The graph of solution (35)-(36) is two closed curves. The coordinates of the red point are (0; 1)
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20 — T T T T T T
1.5
1.0

0.5

_u_ﬁ 1 1 i i i i

i

1]

1 2

Figure 4. The graph of solution (35)—(36) in.the neighbarhood of the origin

Method considered in the article can be generalized for the equations of a higher order than the second. In paper [10] the solution of the corre-
sponding problem for a differential equation of the third order was considered. For this purpose the function
o, (x) =F(9,.9,.4,.Y.€,.C,.C,), (37)

where
F=C, o, &xp(\, y)+C, o,[exp(A, y)+C, ¢, xp(A, y)

and C, (i = 2L2,3) are arbitrary constants; ¢. (j = ﬂ) three times continuously differentiable functions of variable X is considered. The fol-

(38)

lowing remark holds [10].
Remark 2. Applying the method used in the article, we can get a differential equation of the fourth or higher orders, for which the general solution
has the form

Bra(x) = 2C0, (x) xp (A, y(x)).
where (I)i (X) (i :ﬁ) are arbitrary n times continuously differentiable functions of variable X, 7\‘ (i :ﬁ) are certain constants,

C (i = E) are arbitrary constants. This yields to the differential equation of the n order.
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CHICHURIN A.V., STEPANYK G.P. Computer construction of the general solution of the special form of the Abel differential equation

The computer method of building a general solution of the special form for the nonlinear differential equation of the second order and the Abel dif-
ferential equation of the first kind is considered. Three examples which contain the solutions of the initial problem are presented.

The module allowing to visualize partial solutions of the Abel differential equation for the given values of parameters has been built. For the obtained
solutions the visualization in the real numbers domain is represented. All the calculations and visualizations are realized in the Mathematica 10 system.

YK 519.2:004.6

MaxHucm J1.I1., Kapumoea T.U., Py6aHoe B.C., (nadkut U.N.

O MEAMAHE 3AKOHA PACIPEOENEHUA NYACCOHA U HEKOTOPBIX YUCJIOBbIX
NOCJNEAOBATEJIbHOCTAX

BeegeHne. Bhauane npuBegeM  HEKOTOpble
CcBeaeHus, 0603HaYeHNs, Cnonb3yeMble B paboTe.
MyaccoHa pacnpefieneHne — pacnpeneneHne BEpOSTHOCTEN Chy-

TeopeTuyeckme

vaiiHoi sennnksl X | MPMHUMaIOLLEH Lienble HeoTpuLaTembHble 3Ha-

YeHus k=012,.. c

k
P(X =K)=p, = efxT(—wme X > 0 - napamerp.

BEPOATHOCTAMU

®yHKUMS pacnperieneHus 3akoHa Myaccoma:
F(x)=P(X <x)=0,ecmx <0,

Xx—1 7>\x71>\k
F(X)=P(X <x)=> p,=¢e Zﬁ,ecnm
k=0 k=0
XEN n

[x] [x] >\k
F(X)=P(X <x)=)> p, =€
k=0

>‘Zﬁ,ecmﬂ

k=0
Xx>0,x¢&N  rge [X] — Lienas YacTb yucna X .

X[Xw_]-}\k
Vinm F(x)=P(X <x)=¢e I(Z:OF ecnm

x>0 , rae [Xl — HaMeHbllee Lenoe, GonbLuee mnu paBHOE, X

[x|=min{n e Z|n > x}).
PaccMoTpum cyHKLMHO

N
F(m+1))= g mELy) 1fiftme’tdt ,
m! m! |
X
me y(m, \) = ftmfleftdt — HEMOMHAR HUKHSS ramMMa-
0

yHKUMSA (Hanpumep, B [1]).
3ameTnM, 4To

\
FX)= 1—$ft°e“dt =
"0
X

N
= 1—fe’tdt —1%e | =e = p,.
0 0

MCI'IOJ'Ib3yH MeTO4 MHTErpupoBaHua No Yactam B onpeaeneHHoOM UH-

Terpane, nony4yum:

N
1 _
F(m+L>\):1—m[tme tdt:

il the !

1 N
:1+—ft'“de*t =1+
m!J m

\ N
ffe"dtm =
0 0

N
14 Eame X mf e‘ttm_ldt] =
m! A
AMe 1 4
—14 - fe’ttm’ldt =
m! (m=a)t-]
e
—e m+F(m,>\): P +F(MXN)=..=

= TPt F(LN) =D pi.
k=1 k=0

CnenosartenbHo, (yHkUMIO pacnpeseneduss F (X ) MoxHo orpe-

[EMNTH CrieaytoLM o6pasom:
F(X)=P(X <x)=0,ecu x <0,

x—1
Flx)=P(X <x)=> py

= F(X,\) =
k=0
_ 1 h Xx—1,—t
71—m{t e 'dt,
ecrm X € N n
[x]
F(x)=P(X <x)=>Y p=F(x]+1LX)=
. k=0
=1- — [ e tat,
X1t
ecm X >0, x¢&N.
Wnn
[x]-1
F(x)=P(X <x)= > pe = F(x].\) =
k=0
1 xe
=1-——— [ t*edt,
-0
ecrm X > 0.

Maxrucm Jleonud lMempoeuy, k.m.H., doueHm, 3agedyrouuli kaghedpol ebicweli Mamemamuku bpecmckoao 20cy0apCmeeHH020 MEeXHUYECKO20

yHUBEpCUMema.

Kapumoea TambsiHa WeaHosHa, K.b.-M.H., QoueHm, OoueHm kachedpsI 8bicwell Mamemamuku bpecmckoeo 20cy0apcmeeHH020 MeXHUYECK020

yHUBEpCUMema.

Py6aHoe Bnadumup Cmenarosud, K.¢b.-M.H., doueHm, npopekmop no Hay4Hol pabome bpecmcko2o 20cy0apcmeeHH020 MEXHUYECKO20 yHUBEP-

cumema.

Inadkuii Uean UeaHosud, doueHm kahedpb! ebicweli Mamemamuku bpecmckoeo 20cydapcmeeHH020 MeXHUYECK020 yHUBepcUmema.
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